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Abstract: We use on-shell methods to study the non-supersymmetric and supersym-
metric low-energy S-matrix on a probe D3-brane, including both the 1-loop contributions
of massless states as well as the effects of higher-derivative operators. Our results include:
(1) A derivation of the duality invariance of Born-Infeld electrodynamics as the dimensional
oxidation of the group of spatial rotations transverse to a probe M2-brane; this is done
using a novel implementation of subtracted on-shell recursion. (2) The first explicit loop-
level BCJ double-copy in a non-gravitational model, namely the calculation of the 4-point
self-dual amplitude of non-supersymmetric Born-Infeld. (3) From previous results for n-
point self-dual 1-loop BI amplitudes and the conjectured dimension-shifting relations in
Yang-Mills, we obtain an explicit all-multiplicity, at all orders in ǫ, expression for the
1-loop integrand of the MHV sector of N = 4 DBI. (4) For all n > 4, the explicitly
integrated duality-violating 1-loop amplitudes (self-dual and next-to-self-dual in pure BI
as well as MHV in N = 4 DBI) are shown to be removable at O(ǫ0) by adding finite local
counterterms; we propose that this may be true more generally at 1-loop order. (5) We find
that in non-supersymmetric Born-Infeld, not all finite local counterterms needed to restore
electromagnetic duality can be constructed using the double-copy with higher-derivative
corrections, suggesting a fundamental tension between electromagnetic duality and color-
kinematics duality at loop-level. Finally we comment on oxidation of duality symmetries in
supergravity and the parallels it has to the M2-brane to D3-brane oxidation demonstrated
in this paper.
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1 Introduction
Electromagnetic (EM) duality is a continuous, global symmetry of certain models con-
taining abelian gauge fields in d = 4.1 On-shell, the charge eigenstates of the symmetry
coincide with the helicity eigenstates of a massless spin-1 field (and also potentially addi-
tional states), and as such give a concrete realization of chiral symmetry for spin > 1/2. The
primary consequences of such a symmetry for the physically observable S-matrix elements
are selection rules, or on-shell Ward identities, of the form
An
(
γ+ . . . γ+︸ ︷︷ ︸
n+
γ− . . . γ−︸ ︷︷ ︸
n−
)
= 0 for n+ 6= n− , (1.1)
where we are using the common convention that helicity states are labelled with all particles
outgoing.
Off-shell the meaning of electromagnetic duality is more subtle. In the standard man-
ifestly Lorentz-covariant formulation, the off-shell action for an abelian gauge field is con-
structed using field operators Aµ(x) that are not in one-to-one correspondence with physical
states. It is perhaps not surprising that as a consequence, there is no off-shell symmetry of
the action for which the selection rule (1.1) is the conservation of the associated Noether
charge. There is however, a corresponding symmetry of the classical equations of mo-
tion. In the simplest case of duality-invariant non-linear electrodynamics, the equations of
motion consist of a Bianchi identity constraint and an Euler-Lagrange equation,
∂µF˜
µν = 0, ∂µG˜
µν [F ] = 0, where G˜µν [F ] ≡ 2 ∂L
∂Fµν
. (1.2)
1This notion of EM duality is different from the Montonen-Olive S-duality type of EM duality [1] which
involves a weak/strong coupling exchange in the presence of charged sources, as for example the SL(2,Z)
of N = 4 super Yang-Mills theory.
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Given any solution Fµν we can generate a one-parameter family of solutions by a so-called
duality rotation
Fµν → cos(θ)Fµν + sin(θ)Gµν [F ] , (1.3)
if and only if the model satisfies a non-linear, on-shell constraint known as the Gaillard-
Zumino condition [2]
Fµν F˜
µν +Gµν [F ]G˜
µν [F ] = 0 . (1.4)
The connection between off-shell duality invariance of the equations of motion and
the conservation of a chiral charge (1.1) in the on-shell scattering amplitudes, is perhaps
not widely known. At tree-level, the connection was demonstrated for classically duality
invariant models of non-linear electrodynamics in [3], generalizing earlier demonstrations
in the context of the non-supersymmetric Born-Infeld (BI) model [4]. More generally, the
conservation of a chiral charge is an empirical fact about tree-level scattering amplitudes
in a wide variety of classically duality-invariant models, including models of extended
supergravity [5].
The goal of this paper is to improve the understanding of duality invariance, in the
form of the selection rule (1.1), using modern on-shell methods. This includes a novel
understanding of why such a symmetry may, in certain classes of models, be present.
Using D-brane worldvolume EFTs as theoretical laboratories in which to make explicit
calculations, we see from one perspective, using dimensional reduction/oxidation together
with subtracted on-shell recursion, that such a symmetry emerges naturally. Contrarily,
from the perspective of the BCJ double-copy construction [6–8],(
Born-Infeld with N SUSY
)
=
(
U(N) Yang-Mills with N SUSY
)
⊗
(
U(N)× U(N)
U(N)
Nonlinear Sigma Model
)
,
(1.5)
at both tree- and loop-level, the appearance of such symmetries is an unexplained miracle.
Specifically, amplitudes in YM theory do not satisfy a non-abelian analogue of the selection
rule (1.1), so for example any odd-point YM amplitude and any MHV amplitude with more
than 4 particles have to give zero upon being double-copied with NLSM amplitudes. Such
cancellations do indeed happen, as is necessary for the double-construction to work, but it
is an emergent rather than a manifest property.
In the non-supersymmetric case of (1.5), we analyze the higher-derivative corrections
to both Yang-Mills (YM) and the nonlinear sigma model (χPT) and find that the double-
copy by itself is not sufficient to guarantee duality invariance. The result is a mysterious
subset of higher-derivative corrections, which are neither completely duality-preserving nor
completely general.
A further goal of this paper, building on earlier work by the same authors [9], is to im-
prove our understanding of electromagnetic duality in the context of quantum corrections.
That the duality rotation (1.3) is only a symmetry of the classical equations of motion,
and not the off-shell action, might lead us to suspect that the selection rule (1.1) is only
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valid at tree-level. This conclusion is complicated by the fact that there exist alterna-
tive, non-manifestly Lorentz-covariant, formulations of duality invariant models which do
realize duality rotations off-shell [10, 11]. It is an interesting and important problem to
determine if classically duality-invariant models can be quantized (at least perturbatively)
in a way that preserves both the selection rule (1.1) and Lorentz invariance, or if there
is an anomaly which requires breaking the former to preserve the latter. We address this
question by explicit calculation in the context of the worldvolume EFT of a probe D3-
brane, described by the abelian N = 4 Dirac-Born-Infeld (DBI) model. A central result
is that we obtain an explicit, all-multiplicity expression for the 1-loop integrand of the
MHV sector of N = 4 DBI in dimensional regularization at all orders in ǫ. For n > 4 the
resulting manifestly Lorentz-invariant expressions, integrated in d = 4 − 2ǫ up to O(ǫ0),
are shown to be cancelled by N = 4 invariant finite local counterterms, and hence there is
no duality anomaly in this sector. From previous results obtained by the present authors
in the self-dual (all-plus) and next-to-self-dual (one-minus) sectors of non-supersymmetric
Born-Infeld [9], together with the above general analysis of the higher-derivative double-
copy, we demonstrate that the requisite finite counterterms cannot always be constructed
as a KLT product. This may indicate that there exists no loop-level regularization scheme
that respects both electromagnetic duality and color-kinematics duality, suggesting a deep
conflict between these two physical principles.
Below we give a brief review of the physics of probe D-brane worldvolume EFTs, with
emphasis on the manifestation of physical properties in the S-matrix. This is followed by
a more detailed overview of the structure and key results of the present paper.
1.1 Review of D3-Brane Worldvolume EFTs
The models we consider in this paper describe the low-energy dynamics of the massless
excitations of a probe D3-brane with up to N = 4 linear supersymmetry, embedded in a
D-dimensional bulk Minkowski spacetime. The effective field theory on the 4d worldvolume
takes the form of a U(1) gauge theory with nonlinear self-interactions, coupled to Nf Weyl
fermions and Ns real scalars. The bosonic part of the leading-order (DBI) effective action
for a probe Dp-brane has the form
SDp[X
I , Fµν ] = TDp
∫
dp+1x
√
−det (ηµν + k2∂µXI∂νXI + kFµν), k = 2πα′, (1.6)
where I = 1, 2, ..., Ns, with Ns = D − p − 1 and TDp ∼ 1/α′2. The complete κ-symmetric
action including fermionic degrees-of-freedom for p = 3 is given explicitly in [12]. In this
paper we take an on-shell perspective, so rather than calculating scattering amplitudes
directly from the action (1.6), we begin with the physical properties we expect of the
model, and use these to bootstrap physical S-matrix elements. The massless degrees of
freedom and their symmetries have a direct physical interpretation:
• The world-volume photon γ± describes the motion of the endpoints of open strings
ending on the D3-brane [13]. The associated classical equations of motion are invari-
ant under a duality rotation (1.3), so as discussed above the photon helicity states
– 3 –
carry a conserved chiral charge Q[γ±] = ±1. If the external momenta are restricted
to a 3d subspace, then a particular linear polarization is identified with the scalar
modulus of a D2-brane in a T-dual frame. The associated enhanced low-energy theo-
rem is sufficient to bootstrap the entire tree-level S-matrix of the non-supersymmetric
Born-Infeld model [14].
• The Nf Weyl fermions ψ±A are Goldstone fermions arising from (potentially partial)
spontaneous supersymmetry breaking. All of the fermions are identical and transform
together in the fundamental representation of U(Nf ). The broken supersymmetry
is non-linearly realized in the effective action [12], and consequently the on-shell
scattering amplitudes satisfy an Adler-zero type low-energy theorem
AD3n
(
{|p〉, |p]}+ψ , ...
)
|p〉∼0−−−→ O (|p〉) . (1.7)
For the special case Nf = 1, Ns = 0, the spectrum consists of a single N = 1
vector multiplet and the scattering amplitudes satisfy the associated N = 1 on-shell
supersymmetry Ward identities. Together with the low-energy theorem (1.7) this can
be used to prove that the amplitudes of the bosonic truncation (non-supersymmetric
Born-Infeld) satisfy a multi-chiral low-energy theorem [14], sufficient to bootstrap the
tree-level S-matrix.
• The Ns scalar fields XI are spacetime Goldstone bosons, or moduli, arising from the
spontaneous breaking of the underlying D-dimensional Poincare´ symmetry
ISO(D − 1, 1)→ ISO(3, 1) × SO(D − 4). (1.8)
Naturally, the scalar fields transform in the vector representation of SO(D− 4). The
spontaneously broken spacetime symmetries are non-linearly realized in the effective
action (1.6) with the scattering amplitudes satisfying an enhanced Adler-zero low-
energy theorem [15]
AD3n ({p}X , ...)
p∼0−−→ O (p2) . (1.9)
The problem of constructing a model that satisfies all of the above properties is vastly
over-constrained, and it is remarkable that any solution exists. A complete formula for
the tree-level S-matrix of the bosonic truncation (1.6), valid in d-dimensions, was found in
the CHY formalism [8]. Recently, a beautiful CHY formula based on polarized scattering
equations, appeared for the complete tree-level S-matrix of the N = 4 probe D3-brane
(Nf = 4 and Ns = 6), as well as similar formulae for the 6d parent theories describing probe
N = (1, 1) D5- and N = (2, 0) M5-branes [16]. Such higher-dimensional constructions have
recently been used to obtain 1-loop integrands for the D3-brane theory in dimensional
regularization [17].
The existence of various U(1) charges requires that any non-zero amplitude contains
an even number of states of a given spin. It is therefore consistent to consider truncations
to the purely scalar (p-brane) sector as well as the purely fermionic (Akulov-Volkov or
Goldstino) sector. Using the above vanishing low-energy theorems, it was shown in [15,
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18–21] that we can bootstrap the leading-order contribution to the tree-level S-matrix,
including in the former case, a finite number of higher-derivative or Galileon contributions
[22].
The CHY construction [8] has revealed the surprising fact that the well-known field
theory KLT formula [6], relating Yang-Mills and Einstein gravity, can also be used to
construct Dp-brane world-volume EFTs. The generalization of the double-copy relation
(1.5) takes the schematic form(
BI⊕Nf fermions⊕Ns scalars
)
=
(
YM⊕Nf fermions⊕Ns scalars
)
⊗ χPT , (1.10)
where ⊕ in the Yang-Mills theory on the right-hand-side indicates whatever couplings be-
tween the gluons and massless adjoint fermions and scalars (including Yukawa and scalar
potentials) are required to satisfy color-kinematics duality [7]. In this construction, the du-
ality symmetry of the Born-Infeld photon is completely obscured since there is no analogue
in the non-abelian Yang-Mills theory. Conceptually the double-copy paints an interesting
picture of the massless degrees-of-freedom on the Dp-brane. The pions of χPT are Gold-
stone modes of a spontaneously broken internal symmetry, which combine through the
double-copy with the scalar fields of the Yang-Mills theory to form the spacetime Gold-
stone modes of the Dp-brane. Similarly, the pions combine with the adjoint fermions of
the Yang-Mills theory to form Goldstone fermions. The Born-Infeld photon itself has no
known interpretation as a Goldstone mode, but through the double-copy we see that it is
the combination of a Goldstone scalar pion and a non-abelian gauge boson.
1.2 Outline of this Paper
In Section 2 we prove a theorem stating that at leading order in the derivative expansion,
the existence of a global U(1) symmetry in the 3-dimensional reduction of a model of non-
linear electrodynamics is a necessary and sufficient condition for the existence of a duality
symmetry in 4d. As a corollary, the U(1) symmetry of the probe M2-brane world-volume
EFT corresponding to the rotation of a pair of transverse dimensions oxidizes to the duality
symmetry of the D3-brane, giving a novel inductive proof of the latter using subtracted
on-shell recursion.
In Section 3 we present an explicit test of the loop-level BCJ double-copy conjecture.
We use known color-kinematics duality satisfying BCJ numerators from the self-dual 1-loop
4-point (i.e. all-plus) sector of pure Yang-Mills together with generic BCJ numerators for
χPT to construct a conjectured representation for the self-dual 1-loop 4-point integrand of
the pure Born-Infeld amplitude. The result is found to agree precisely with recent results
obtained using unitarity methods.
In Section 4 we review the results of [9]. Explicit, all-multiplicity expressions are given
for the 1-loop integrand of the self-dual and next-to-self-dual sectors of pure Born-Infeld.
At 4-point we present the explicit results for the local counterterms needed to restore
electromagnetic duality symmetry in the sense of setting the 1-loop self-dual BI amplitude
A1-loop4 (+ + ++) to zero.
In Section 5 we present a conjectured explicit form of the 1-loop, MHV, integrand of
N = 4 Dirac-Born-Infeld. This result is obtained by combining the conjectured dimension-
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shifting relation between the integrands of self-dual and maximally supersymmetric Yang-
Mills with the loop-level BCJ double-copy. At n = 4 the (cut-constructible part of the)
expression is shown to precisely match the result expected from unitarity cuts, and at
n = 6 the expression agrees with recent calculations using dimensional reduction of M5-
brane tree-amplitudes.
In Section 6, based on the observation that n-point amplitudes in the SD and NSD
sectors can be set to zero by appropriate choice of finite local counterterms, we present an
argument (though not proof) that indicates that there is no possible violation of electro-
magnetic duality at 1-loop in BI theory in any sector. In other words, that there exists a
scheme in which the electromagnetic duality U(1) symmetry is unbroken at 1-loop.
In Section 7 we study the tree-level double-copy relation (1.5) with higher-derivative
terms. We present a general analysis at 4-point level. In particular we find that, per-
haps surprisingly, this does not allow us to construct, by BCJ double-copy, the finite local
counterterm needed to restore electromagnetic duality. This is a new curious conflict be-
tween electromagnetic duality at loop-level and the double-copy construction. The results
of the higher-derivative double-copy analysis are also compared to the α′-corrections from
string theory, both for the superstring and bosonic string.
In Section 8 we discuss a few interesting open questions. We also discuss in quite some
detail duality symmetries in the context of pure 4d supergravity theories. This includes
their emergence in the double-copy, the effect of higher-derivative corrections, and the ideas
of possible oxidation of symmetries from 3d to 4d. The parallels, and contrasts, with EM
duality in Born-Infeld theories is emphasized.
The five Appendices contain various technical details of the results presented in the
main text.
2 Dimensional Oxidation: the D3-brane and M2-Brane
We present the worldvolume reduction of the D3-brane action to the M2-brane action and
show how the latter has a manifest U(1) symmetry. The oxidation of this symmetry to
4d is very non-trivial, but nonetheless we prove that it is true in the leading order theory
using a novel recursion relation. Subsequently we examine higher-derivative corrections
and prove that there exist duality-violating operators in 4d that are not ruled out by the
3d U(1) symmetry.
2.1 World-Volume Analysis
It is well-known that in D dimensions, the compactification of a Dp-brane on a p−p′ torus
along its worldvolume directions is T-dual to a flat Dp′-brane, again in D dimensions.
This property is inherited by the low-energy effective theories on the branes. The p + 1-
dimensional vector boson states of the Dp-brane, polarized in the compact dimensions, are
physically identified with the additional p − p′ scalar moduli of the Dp′-brane. Since all
dimensions transverse to the world-volume are identical, the scalar moduli of the Dp-brane
realize a linear SO(D−p−1) symmetry, while after dimensional reduction this is enhanced
to SO(D − p′ − 1).
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A special case of this phenomenon occurs in the dimensional reduction of the D3-
brane. For simplicity we restrict the discussion to the truncation to the vector boson
sector described by pure Born-Infeld electrodynamics in R4,
SD3[Fµν ] = TD3
∫
d4x
√
− det (ηµν + kFµν) . (2.1)
This action does not manifest any continuous global symmetries, but as described in the
introduction, this model has a hidden U(1) electromagnetic duality symmetry that leads
to the helicity selection rule (1.1). Following the above discussion, dimensional reduction
on a circle of vanishing radius gives the action of a D2-brane embedded in R4,
SD2[Fµν ,X] = TD2
∫
d3x
√
− det (ηµν + k2∂µX∂νX + kFµν) . (2.2)
Since there is only a single scalar modulus, this action again does not manifest any con-
tinuous global symmetries. But, in fact this model has a hidden U(1) symmetry that
is revealed off-shell by changing variables via a Legendre transformation. To do so, the
implicit Bianchi identity constraint is replaced by an explicit Lagrange multiplier term [23]:
SD2[Fµν ,X, Y ] = TD2
∫
d3x
[√
− det (ηµν + k2∂µX∂νX + kFµν)− k
2
2
Y ǫµνρ∂ρFµν
]
.
(2.3)
By integrating by parts in the final term, the roles of the fields Fµν and Y as dynamical and
auxiliary, respectively, are interchanged. Integrating out Fµν generates a dual representa-
tion of the D2-brane model parametrized in terms of a pair of scalar fields X and Y [23].
Remarkably, this new representation is precisely the (truncated) action of an M2-brane,
SM2[X,Y ] = TM2
∫
d3x
√
− det (ηµν + k2∂µX∂νX + k2∂µY ∂νY ) . (2.4)
The physics of the model (2.4) is that it describes the spontaneous breaking of spacetime
symmetry ISO(4, 1)→ ISO(2, 1)×SO(2), with the scalar brane-moduliX and Y identified
with the Goldstone modes of the broken transverse translation symmetries. The linearly
realized SO(2) symmetry is manifest in the action (2.4) as a rotation of the vector (X,Y )
and has the physical interpretation as an isometric rotation between the two non-compact
dimensions transverse to the membrane.
The physical significance of this observation is well-known [24, 25]. The non-truncated
version of this argument is a crucial test of the identification of the 10d embedding of
the probe D2-brane with the 11d embedding of the probe M2-brane [23]. In that case,
the D3-brane model has a manifest SO(6) symmetry acting as a rotation of the moduli
associated with the 6 transverse dimensions. Dimensional reduction and T-dualization
produces a D2-brane model with a manifest SO(7) symmetry acting on the 7 moduli.
Legendre transforming the 3d gauge boson produces a model with 8 moduli and a manifest
SO(8) symmetry, with the additional scalar identified with the spontaneous breaking of
translation invariance in the 11th, M-theory dimension.
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In the truncated model, for the purposes of calculating scattering amplitudes it is more
convenient to form a single complex scalar field Z = (X + iY )/
√
2 and rewrite the action
in the form
SM2[Z, Z¯ ] = TM2
∫
d3x
√
− det (ηµν + k2∂(µZ∂ν)Z¯) . (2.5)
The manifest U(1) symmetry in (2.5) implies that the scattering amplitudes of this model
satisfy the selection rule
AM2n
(
Z . . . Z︸ ︷︷ ︸
nZ
Z¯ . . . Z¯︸ ︷︷ ︸
nZ¯
)
= 0 for nZ 6= nZ¯ . (2.6)
While the existence of the conserved U(1) charge of the M2-brane action (2.5) is com-
pletely obscured in the D2-brane action (2.2), obtained by standard dimensional reduction
from the D3-brane action (2.1), it is almost trivial at the level of the on-shell scattering
amplitudes. Since we are scattering massless Kaluza-Klein modes, the 3d tree-level scat-
tering amplitudes are insensitive to the radius of the compactified dimension and so are
formally equivalent to the 4d tree-level scattering amplitudes with the external momenta
restricted to an arbitrary 3d subspace. In the commonly used 4d spinor-helicity variables
this restriction can be efficiently made by making the replacement
|p]a −→ 〈p|a˙ . (2.7)
Since the models only contain bosonic degrees of freedom, the resulting expressions con-
taining only angle-spinors can always be rewritten in terms of Mandelstam invariants: in
3d, sij = (pi + pj)
2 = −〈ij〉2. All that remains is to relabel the on-shell states in a 3d
language as
γ+ ←→ Z, γ− ←→ Z¯. (2.8)
Using this dictionary, we find that the U(1) symmetry of the M2-brane amplitudes follows
as a necessary consequence of the selection rule (1.1) of electromagnetic duality of the
D3-brane tree amplitudes.
At the level of the amplitude selection rules (1.1) and (2.6), along with the dictionary
(2.7)-(2.8), it is clear that no special properties of Born-Infeld were used. Therefore it
implies the following general result:
Theorem 1. Given any 4d local model of non-linear electrodynamics S(4d)[Fµν ], we can
construct a 3d model of a complex scalar S(3d)[Z, Z¯] by dimensional reduction followed by
a Legendre transformation. If the 4d model has a U(1) electromagnetic duality symmetry
of the equations of motion, then the 3d model must have an off-shell U(1) symmetry of the
action.
The above argument includes the possibility of higher-derivative terms; at the level of
the amplitude selection rules, this is obvious. At the level of the action, the Legendre
transformation becomes the procedure of systematically integrating out the field strength.
The reverse of the above statement would be that the off-shell U(1) symmetry in 3d
is oxidized to a duality symmetry in 4d. This would be a more surprising and interesting
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property. We are going to prove this converse statement for Fn-theories:
Theorem 2. If the action S(4d)[Fµν ] depends only on operators of the form F
n and
S(3d)[Z, Z¯ ] has an off-shell U(1) symmetry, then the 4d model must have a U(1) elec-
tromagnetic duality symmetry.
This converse result is at first sight quite surprising. When a model is dimensionally re-
duced we typically lose some information about the higher-dimensional physics. One might
expect the existence of 4d operators that violate the duality symmetry, but vanish when
reduced to 3d and are therefore not ruled out by the 3d symmetry. Indeed this does
happen, as we show in Section 2.4, but this is delayed to higher-orders in the derivative
expansion and is absent at the leading orders in the effective field theory. In the following
two subsections, we prove this oxidation statement.
2.2 3d → 4d Oxidation: Contact Terms
The models of non-linear electrodynamics we are considering have the form
S(4d)[Fµν ] =
∫
d4x L (X,Y ) , X = FµνFµν , Y = Fµν F˜µν . (2.9)
In 4d this form of the Lagrangian is completely general at leading-order in the derivative
expansion; using the Cayley-Hamilton theorem it is straightforward to show that general
operators of the form Tr[Fn] can be reduced to functions of the invariants X and Y .
Furthermore, we assume that in the weak field limit, the Lagrangian admits a low-energy
EFT expansion with the leading order term given by the standard Maxwell Lagrangian
S(4d)[Fµν ] =
∫
d4x
[
−1
4
X +
1
Λ4
L(2)(X,Y ) + ...+ 1
Λ4k−4
L(k)(X,Y ) + ...
]
, (2.10)
where L(k) is a homogeneous polynomial of degree k. Simple dimensional analysis then gives
that tree-level scattering amplitudes with n external photons are homogeneous rational
functions of spinor-helicity variables An (t|i〉, t|i]) = t2nAn (|i〉, |i]). Alternatively, stripping
off the overall factor of Λ−2n+4 the remaining kinematic part of the amplitude must have
mass dimension n.
Consider the dimensional reduction of S(4d)[Fµν ] to S(3d)[Z, Z¯], as in Theorem 2 of Sec-
tion 2.1. Suppose the 3d amplitudes conserve a global U(1) charge (2.6). We want to prove
that the 4d amplitudes must then conserve the duality charge (1.1). The dictionary (2.8)
makes it clear that any U(1)-conserving amplitude in 3d lifts to a 4d duality-conserving
amplitude. What remains to be shown is that there are no 4d duality-violating amplitudes
that vanish upon restriction of the external momenta to a 3d subspace.
There can be no odd-point interactions in a theory with Fn interactions, so the lowest
multiplicity we need to consider is 4-point. As the lowest-point amplitudes, they cannot
have any kinematic singularities, hence they must be polynomial functions of spinor-helicity
variables. The most general ansatze for these amplitudes consistent with locality, Bose
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symmetry, mass dimension and little group constraints are
A4(1+γ 2+γ 3+γ 4+γ ) = α+
(
[12]2 [34]2 + [13]2 [24]2 + [14]2 [23]2
)
,
A4(1−γ 2−γ 3−γ 4−γ ) = α−
(〈12〉2〈34〉2 + 〈13〉2〈24〉2 + 〈14〉2〈23〉2) ,
A4(1+γ 2+γ 3+γ 4−γ ) = A4(1−γ 2−γ 3−γ 4+γ ) = 0 . (2.11)
Reducing the non-zero amplitudes to 3d gives
A4(1±γ 2±γ 3±γ 4±γ ) 3d−→ α±
(
s2 + t2 + u2
)
, (2.12)
which is non-vanishing unless α± = 0. So we establish that for n = 4, the existence of a
U(1) symmetry after dimensional reduction to 3d requires duality conservation in the 4d
model (2.9).
At higher multiplicity, we examine the factorization properties of duality-violating 4d
amplitudes. Consider an n-point amplitude where the number of positive helicity states
n+ does not equal the number of negative helicity states n− 6= n+. On a factorization pole,
an amplitude splits into AL and AR such that
nL+ + n
R
+ = n+ + 1 ,
nL− + n
R
− = n− + 1 .
(2.13)
It is clear that both AL and AR cannot be duality-preserving amplitudes since nL++ nR+ 6=
nL− + n
R
− by assumption. Thus, at least one of AL and AR must be duality-violating.
Since the 4-point duality-violating amplitudes vanish, this then means that any 6-point
duality-violating amplitude must be local, i.e. it must arise from a local contact term of
the form F 6. By dimensional analysis, little group scaling, and Bose symmetry, the only
possible options are (focusing on the mostly-plus sectors)
A6(1+γ 2+γ 3+γ 4+γ 5+γ 6+γ ) = β+
(
[12]2 [34]2 [56]2 + perms
)
,
A6(1+γ 2+γ 3+γ 4+γ 5+γ 6−γ ) = 0 ,
A6(1+γ 2+γ 3+γ 4+γ 5−γ 6−γ ) = βMHV〈56〉2
(
[12]2 [34]2 + perms
)
.
In 3d kinematics, the non-zero matrix elements become sums of products of Mandelstam
variables squared and as such there can be no cancellations; they must be non-vanishing.
This means that there are no 4d local, or — by the factorization argument above — non-
local, duality-violating 6-point amplitudes that are not ruled out by the 3d U(1) symmetry.
Given that electromagnetic duality is preserved at 6-point order, the 8-point duality-
violating amplitudes must be polynomial. The structure observed at 4-point and 6-point
for the local contact terms continues at higher point, so the 8-point local duality-violating
amplitudes do not vanish in 3d and are therefore also ruled out by the 3d U(1) symmetry,
and so on.
A derivation of Theorem 2 naturally lends itself to an inductive argument on the
number of particles. In the next section we introduce a new on-shell recursion relation that
allows us to prove at all multiplicities that the 3d U(1) symmetry implies 4d electromagnetic
duality in Fn-type theories.
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2.3 3d → 4d Oxidation: Subtracted Recursion Relations
We construct an inductive proof of Theorem 2 in Section 2.1 based on a new version of
subtracted recursion relations that accesses information about how 4d amplitudes behave
when the external particles are restricted to a 3d subspace. Consider a set of n on-shell
external momenta subject to momentum conservation. Define the shift
pˆµi = (1− z)pµi + zqµi , (2.14)
subject to the usual constraints that the shifted momenta pˆµi are on-shell, pˆ
2
i = 0, and
satisfy momentum conservation for any value of z, i.e. for each i we require
pi · qi = q2i = 0 and
n∑
i=1
qi = 0 . (2.15)
We choose the shift vectors qi to be normal to some unit space-like vector N
µ,
qi ·N = 0 . (2.16)
Then, at z = 1, the shifted momenta are projected onto the 3d subspace normal to Nµ:
pˆµi Nµ
∣∣
z=1
= 0. We implement this shift in terms of spinor-helicity brackets via the holo-
morphic shift
〈ˆi| = (1− z)〈i|+ z ai[i|N , |ˆi] = |i] , for hi ≥ 0 ,
〈ˆi| = 〈i| , |ˆi] = (1− z)|i] + z aiN |j〉 , for hi < 0 , (2.17)
where N = Nµσµ and ai are constants constrained by momentum conservation,∑
i:hi≥0
ai|i][i|N +
∑
i: hi<0
aiN |i〉〈i| = 0. (2.18)
The shift (2.17) ensures that each shifted momentum is on-shell and the whole set of
momenta lie in a 3d subspace when z = 1. The latter follows from (hi ≥ 0 case)
N · pˆi
∣∣
z=1
∝ NµNνTr(σ¯µ|i][i|σν) = NµNν [i|σν σ¯µ|i] = −N2[ii] = 0 . (2.19)
Naively, equations (2.15) and (2.16) place 3n + 4 constraints on the 4n components of
the qµi ’s. However, the projection (2.16) means that momentum conservation in the N -
direction is automatic (i.e. the qi’s are 3d vectors), so the number of constraints is actually
3n + 3. This gives n − 3 free parameters. Alternatively, this can be seen from the fact
that (2.18) places 3 constraints on the set of n parameters ai in (2.17). Thus the system
is under-constrained, and a shift can always be constructed for n ≥ 4. In Appendix A we
present an explicit solution for the ai.
It was shown in [21] that under a linear holomorphic shift, such as (2.17), effective
field theory amplitudes scale as the following power of z,
4− n− n− 2
v − 2 [gv ]−
∑
i
si , (2.20)
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when z is large. Here v is the valence of the lowest-point interaction, [gv ] is the mass-
dimension of the coupling and si are spins of the external states. For models of non-linear
electrodynamics (2.9), v = 4, [gv] = −4 and si = 1, and so
An(z) z→∞∼ z0 . (2.21)
This means that in a standard recursion relation based on a contour integral of An(z)/z,
there is pole at infinity whose residue cannot be determined by factorization. This simply
reflects the fact that the action (2.9) contains an infinite number of independent, gauge-
invariant, local operators of the form Fn that only begin to contribute to on-shell scattering
amplitudes at multiplicity ≥ n. Since such contributions are completely independent of the
lower-valence operators, any attempt to derive on-shell recursion relations must fail unless
it incorporates additional physical information sufficient to pick out a unique model. In the
present context, the additional constraint we impose is the vanishing of duality-violating
amplitudes when external momenta are restricted to a 3d subspace. To do so, we employ
subtracted recursion relations based on a contour integral of An(z)/z(1− z). The key is to
avoid picking up a pole at z = 1.
Consider an n-point duality-violating 4d amplitude An. By assumption of the 3d U(1)
symmetry, any 4d duality-violating amplitude must vanish when its momenta are restricted
to a 3d subspace; hence the shifted amplitude satisfies
An(z = 1) = 0 . (2.22)
The unshifted amplitude can be retrieved via the contour integral
An(0) =
∮
C0
dz
2πi
An(z)
z(1 − z) , (2.23)
where C0 is a small circular contour surrounding z = 0. The extra factor of (1 − z) does
not affect the residue at z = 0, nor does it introduce a pole in the integrand, precisely due
to the property (2.22).
Cauchy’s theorem is then used to re-express the integral (2.23) as a sum of residues
on poles away from the origin. Locality ensures that the only poles in a tree amplitude
correspond to factorization singularities. All poles occur at finite values of z where an
intermediate momentum PˆI = (1− z)PI + zQI goes on-shell,
Pˆ 2I = (1− z)2P 2I + z2Q2I + 2z(1 − z)PI ·QI = (PI −QI)2(z − zI+)(z − zI−) , (2.24)
and the residue on these poles is the factorized amplitude,
Res
P 2
I
=0
An = AL(z)AR(z) . (2.25)
Thus the unshifted amplitude can be expressed as
An(0) =
∑
I
Res
z=zI
±
AL(z)AR(z)
z(1− z)P 2I (z)
. (2.26)
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Let us now use (2.26) to prove Theorem 2 from Section 2.1 by induction. By the factor-
ization argument surrounding (2.13), any duality-violating amplitude in 4d factorizes into
sub-amplitudes AL and AR of which at least one must also be duality-violating. If we as-
sume that all duality-violating amplitudes with fewer than n external states are zero, then
from the recursive formula (2.26) it follows that n-point duality-violating amplitudes must
likewise vanish. The recursion relations we derived are valid for n > 3, and since there are
no non-zero 3-point amplitudes for a self-interacting abelian gauge boson consistent with
Lorentz invariance and Bose symmetry, this serves as the basis of the induction, and the
result is proven.
2.4 Higher Derivative Corrections
Theorem 2, proven in the previous subsection, demonstrates that the global U(1) symmetry
of a 3d complex scalar obtained by dimensional reduction must oxidize to a duality sym-
metry in 4d Fn-theories. This was restricted to leading-order in the derivative expansion.
Physically this means that we can only expect the oxidation to hold in the deep infrared,
where terms with the smallest number of derivatives dominate. A natural question concerns
extending this theorem to operators of the form ∂2kFn with k 6= 0.
The recursion relation approach developed in the previous subsection is no longer valid
at higher-derivative order, so we proceed by analyzing the matrix elements of operators
∂2kFn at low-multiplicity. For each operator ∂2kFn and each helicity assignment, we
construct all possible linearly independent matrix elements allowed by mass-dimension,
little group scaling, and Bose symmetry; the count is shown in Table 1. We then test if any
linear combination of the (independent in 4d) matrix elements vanishes in 3d kinematics.
This tests if they escape the constraints of the 3d U(1) symmetry. Table 1 shows that
at multiplicity 4, there are no matrix elements that vanish in 3d, up to and including
16 derivative order. However, at 5-point and 6-point we do find such duality-violating
amplitudes that vanish in 3d. The light-gray-shaded cells are those for which such duality-
violating matrix elements exist. For example in the MHV sector of ∂8F 5, there are a total
of 11 independent matrix elements and a 2-parameter family of these vanish in 3d.
We now discuss a more systematic way to construct duality-violating, yet 3d U(1)-
compatible, matrix elements. The simplest construction of a 4d matrix element that van-
ishes in 3d kinematics involves a Levi-Civita tensor. For example, for n ≥ 5 consider the
scalar matrix element
ǫ (1, 2, 3, 4) = ǫµνρσp
µ
1p
ν
2p
σ
3p
ρ
4 . (2.27)
For n = 5, this is the matrix element of the Wess-Zumino-Witten (WZW) term and by
momentum conservation it is fully antisymmetric in all five momenta.
Suppose we construct a polynomial in the spinor-helicity brackets that has little-group
scaling corresponding to five external photons with helicities + + + − − and is antisym-
metric in any exchanges of identical particles. The lowest dimension polynomial with these
properties has mass-dimension 9 and there are in fact two such independent polynomials.
Upon multiplication of these two polynomials with (2.27), we obtain two spinor helicity
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Operator
Helicity Sector
SD NSD MHV
F 4 1 0 1
∂2F 4 1 1 1
∂4F 4 1 0 2
∂6F 4 1 1 2
∂8F 4 2 1 3
∂10F 4 1 1 3
∂12F 4 2 1 4
F 5 0 0 0
∂2F 5 0 0 0
∂4F 5 0 1 1
∂6F 5 0 2 5
∂8F 5 1 13 (1) 11 (2)
F 6 1 0 1
∂2F 6 1 2 2
∂4F 6 3 4 12
∂6F 6 − 15 (2) 30 (5)
Table 1. The table shows the number of linearly independent 4d matrix elements of the given
operator in the SD (self-dual = all-plus), NSD (next-to-self-dual = one minus), and MHV sectors.
For 4-point, the MHV amplitudes (dark gray) conserve duality, but for completeness we include
the count. No linear combinations of possible matrix elements vanish in 3d, except for operators in
helicity sectors corresponding to the (light gray) shaded cells of the ∂8F 5 and ∂6F 6 operators. In
each shaded cell, the number in parenthesis is the number of linearly independent matrix elements
that do vanish when restricted to 3d kinematics. The “−” indicates that we have not studied the
SD sector of the ∂6F 6 operator.
polynomials of mass-dimension 13, with little-group scaling of photons in the MHV sector,
and Bose symmetry in identical particles. They are therefore matrix elements of operators
of the schematic form ∂8F 5 involving contractions with a single Levi-Civita tensor. The
Levi-Civita ensures that the matrix elements vanish in 3d. These 2 matrix elements are
the ones listed in the gray-shaded box for ∂8F 5 in the MHV sector and we explicitly match
them to the ones found by the general analysis of linear combinations of 11 independent
MHV matrix elements possible for any ∂8F 5 operator (see Table 1). Similarly for the NSD
(one minus) sector of ∂8F 5: the matrix element that vanishes in 3d is exactly the product of
the WZW polynomial (2.27) and the unique spinor bracket polynomial of mass-dimension
9 with little group scaling of photons with helicity + + + + −, and full antisymmetry in
identical states.
Since duality-violating amplitudes associated with operators of the form ∂mF 4 are
excluded for m ≤ 12, any 6-point duality-violating amplitude must be polynomial in the
spinor brackets and correspond to matrix elements of an operator of the form ∂2kF 6. MHV
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matrix elements that vanish in 3d can then be constructed by multiplying ǫ (1, 2, 3, 4) with a
polynomial with MHV (++++−−) little group scaling that is antisymmetric in {1, 2, 3, 4}
and symmetric in {5, 6}. The lowest dimension of such a polynomial is 8 and it is unique.
The result is a matrix element of an operator of the form ∂6F 6. To construct the NSD
matrix element that vanishes in 3d, take
ǫ (1, 2, 3, 4, 5) ≡ ǫ (1, 2, 3, 4) − ǫ (1, 2, 3, 5) + ǫ (1, 2, 4, 5) − ǫ (1, 3, 4, 5) + ǫ (2, 3, 4, 5) ,
(2.28)
that is antisymmetric in labels {1, · · · , 5} and multiply it with the unique dimension-8 NSD
(+ + + + +−) polynomial antisymmetric in identical helicity states. This construction is
included in the ∂6F 6 matrix elements that we find to vanish in 3d in Table 1, although not
all matrix elements reported there can be obtained using this method.
Another construction at 5-point is to multiply 5-point photon matrix elements (with
proper Bose symmetry) with the special Galileon term,
ǫ (1, 2, 3, 4)2 . (2.29)
By the results in Table 1, the lowest dimension 5-point matrix element arises from ∂4F 5.
When multiplied by the matrix element of the 8-derivative special Galilean term, we get a
matrix element of ∂12F 5 that is guaranteed to vanish in 3d.
The point here is the existence of 4d duality-violating matrix elements that, since they
vanish in 3d, are not excluded by the 3d U(1) symmetry. We note that at low multiplicities,
the duality violation is delayed until quite high order; the lowest order example given here
is 12-derivative at 6-point (compared with the 6-derivative leading BI term F 6).
In the context of string theory, the Born-Infeld action (2.1) describes the leading-
order in α′-contribution to the dynamics of the D3-brane. Matching to the world-sheet
calculation of the open-string S-matrix, there is an infinite set of sub-leading corrections
(the first ones calculated originally in [26]). By dimensional analysis, the sub-leading α′-
contributions to a given amplitude correspond to derivative corrections to the effective
action of the form ∂2kFn. A reasonable question to ask is whether, when dimensionally
reduced to 3d, these sub-leading corrections are consistent with the M2-brane picture and
preserve the hidden U(1) symmetry. This is the question we have examined here in the
generic context of higher derivative corrections. Whether the particular duality-violating
operators we present here are in fact produced in string theory (or if they are compatible
with supersymmetry) is a question beyond the scope of this paper.
3 Loop Amplitudes from BCJ Double-Copy
The double-copy of Yang-Mills and chiral perturbation theory (χPT) was shown to result
in Born-Infeld theory at tree-level [8], using the CHY formalism [27–29]. BI tree amplitudes
can be constructed either via the KLT relations or the BCJ double-copy. The former is
used in the context of higher-derivative corrections in Section 7. In this section, we begin
with the BCJ construction of the 4-point tree amplitude and then use loop-level BCJ to
construct the integrand for the self-dual 1-loop 4-point amplitude.
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3.1 Tree-level BCJ Double-Copy of BI
At 4-point, the BCJ form of a tree amplitude can be written as
A4 (1 2 3 4) = c1342 n1342
t
+
c1423 n1423
u
, (3.1)
where we use the convention for the Mandelstam invariants
s = (p1 + p2)
2, t = (p1 + p3)
2, u = (p1 + p4)
2, (3.2)
and the BCJ color tensors are defined as
cijkl = faiajbfakalb . (3.3)
The Jacobi identity c1234 + c1423+ c1342 = 0 has been used here to eliminate the term with
color factor c1234. The numerator factors nijkl can be written in terms of color-ordered
amplitudes as
n1342 = −tA4[1 3 4 2] and n1423 = uA4[1 2 3 4] . (3.4)
For our specific application, we use the ordered tree-level amplitudes for Yang-Mills and
χPT
AYM4 [1+ 2+ 3− 4−] = −g2YM
[12]2〈34〉2
su
, AχPT4 [1 2 3 4] =
1
f2π
t. (3.5)
Using (3.4), the BCJ numerators take the form
nYM1342 = g
2
YM
[12]2〈34〉2
s
, nYM1423 = −g2YM
[12]2〈34〉2
s
,
nχPT1342 = −
1
f2π
tu, nχPT1423 =
1
f2π
tu. (3.6)
Together with n1234 ≡ 0, these sets of BCJ numerators satisfy the kinematic Jacobi identity
n1234+n1342+n1423 = 0. The BCJ double-copy, at tree-level and at 4-point takes the form
AA⊗B4 (1, 2, 3, 4) =
1
λ2
[
nA1234 n
B
1234
s
+
nA1342 n
B
1342
t
+
nA1423 n
B
1423
u
]
, (3.7)
where λ is some arbitrary constant with [λ] = 1.2 The tree-amplitudes of BI are given as
the double-copy
ABI4
(
1+ 2+ 3− 4−
)
=
1
λ2
[
nYM1342 n
χPT
1342
t
+
nYM1423 n
χPT
1423
u
]
=
1
λ2
[
1
t
(
g2YM
[12]2〈34〉2
s
)(
− 1
f2π
tu
)
+
1
u
(
−g2YM
[12]2〈34〉2
s
)(
1
f2π
tu
)]
=
g2YM
λ2f2π
[12]2〈34〉2. (3.8)
2From the equivalence between the tree-level BCJ double-copy and the KLT formula [7], together with
the interpretation of the KLT kernel as the inverse of a matrix of bi-adjoint scalar amplitudes [29] we find
that λ has a physical interpretation as the φ3 coupling constant.
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Comparing this to the well-known result for the 4-point tree amplitude in Born-Infeld
ABI4
(
1+ 2+ 3− 4−
)
=
1
Λ4
[12]2〈34〉2, (3.9)
we see that the BCJ double-copy indeed gives the correct result when the couplings are
related as
g2YM
λ2f2π
=
1
Λ4
∼ TD3 . (3.10)
We use this in the following loop-calculations.
3.2 1-loop 4-point Self-Dual Amplitude as a Double-Copy
For loop amplitudes, the BCJ construction is conjectured to be valid at the level of the
integrand [30]. In this section we use it to construct the 1-loop 4-point BI integrand of the
self-dual sector.
The strategy is as follows: we construct the χPT 4-point 1-loop integrand directly using
unitary to ensure that it satisfies all unitarity cuts. In that expression we then replace the
1-loop color-factors by the color-kinematic duality-obeying numerator factors for the self-
dual 4-point 1-loop YM amplitude obtained previously in [31]. This conjecturally gives
the self-dual 1-loop BI integrand. We integrate the expression to show that the integrated
result agrees exactly with (4.1) obtained by different techniques in [9] and Appendix C.
YM Self-Dual 1-loop 4-point Integrand. The calculation is simplified significantly
by the fact that there exists a representation of the self-dual 4-point 1-loop YM numerators
where only the box-numerators are non-vanishing [31]; specifically these box numerators
take the form
n
(box)
1234 (l) = 2g
4
YM
[12][34]
〈12〉〈34〉
(
µ2
)2
, (3.11)
where g is the Yang-Mills coupling and µ2 = l2−2ǫ is the square of the momentum in the
−2ǫ extra dimensions, lµ = lµ[4] + lµ−2ǫ. The external state momenta pi, i = 1, 2, 3, 4, are
assumed to be on-shell and strictly 4d. The self-dual 1-loop amplitude of YM then takes
the form
AYM4
(
1+g 2
+
g 3
+
g 4
+
g
)
=
∫
d4−2ǫl
(2π)4−2ǫ
[
c
(box)
1234 n
(box)
1234 (l)
l2(l − p2)2(l − p2 − p3)2(l + p1)2 + (2↔ 3) + (3↔ 4)
]
.
(3.12)
The expression (3.11) is symmetric under permutation of the external states, so the box
coefficients of all three independent box diagrams of the 1-loop 4-point amplitude are the
same: n
(box)
1324 = n
(box)
1243 = n
(box)
1234 . The color factors
3 are
c
(box)
1234 = fa1b1b4 fa2b2b1 fa3b3b2 fa4b4b3 , (3.13)
along with the permutations (2 ↔ 3) and (3 ↔ 4) (which on the RHS acts on the a-
subscripts only). We check the validity of the representation (3.12) by computing the
3We work in conventions where [ta, tb] = ifabctc and Tr
[
tatb
]
= δab.
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maximal cuts, e.g.
1+g
2+g
4+g
3+g
l1
l2
l3
l4
=
1+g
2+g
4+g
3+g
l1
l2
l3
l4
(3.14)
Here we are using the supersymmetric trick (C.9) to replace the gluon in the loop with a
complex scalar with 4d mass µ2 = l2−2ǫ. On the cut, the integrand gives
Cut1234
[IYM4 (1+g 2+g 3+g 4+g )] =2Atree3 (1+g (l1)φ (−l4)φ)Atree3 (2+g (l2)φ (−l1)φ)
×Atree3
(
3+g (l3)φ (−l2)φ
)
Atree3
(
4+g (l4)φ (−l3)φ
)
,
(3.15)
where the factor of 2 accounts for the fact that the complex scalar can run in both directions.
The scalar-scalar-gluon amplitude is
Atree3
(
1+g ℓφ ℓ
′
φ
)
= −igYMfa1aℓaℓ′
[1|ℓ|q〉
〈1q〉 , (3.16)
where |q〉 is an arbitrary spinor. The normalization in (3.16) is fixed by the 3-gluon
amplitude via the SUSY Ward identities in the massless limit ℓ2 = ℓ′2 → 0.
It is convenient to choose
|q1〉 = |2〉, |q2〉 = |1〉, |q3〉 = |4〉, |q4〉 = |3〉, (3.17)
in which case the cut (3.15) gives
Cut1234
[IYM4 (1+g 2+g 3+g 4+g )]
= c
(box)
1234 2 g
4
YM
[1|l1p2l1|1〉[3l3p4l3|3〉
〈12〉2〈34〉2
= c
(box)
1234 2 g
4
YM(µ
2)2
[12][34]
〈12〉〈34〉 , (3.18)
where in the second step we use special 3-particle kinematics to show that [1|l1p2l1|1〉 ×
[3|l3p4l3|3〉 = −〈12〉[12]µ2 and similarly for the other angle-square brackets. Thus we see
from (3.18) that the product of tree-amplitudes (3.15) indeed reproduces the YM numerator
factor (3.11) of [31].
χPT 1-loop 4-point Integrand. Next, we compute the χPT 1-loop 4-point integrand.
We then replace its color factors c(box) by the YM numerators to construct the 1-loop BI
self-dual amplitude at 4-point order. The color-dressed χPT tree amplitudes can be written
Atree4
(
1a1 2a2 3a3 4a4
)
=
2
f2π
[
fa1a4bfa2a3b (p1 · p3) + fa1a3bfa2a4b (p1 · p4)
]
. (3.19)
The s-channel cut of the 1-loop amplitude
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p1
p2
p4
p3
l2 = l − 12p12
b2
l1 = l +
1
2p12
b1
a1
a2
a4
a3
gives
Atree4
(
1a1 2a2 (−l1)b1 (l2)b2
)
Atree4 (3a3 4a4 (−l2)b2 (l1)b1)
=
4
f4π
[
fa1b2b3fa2b1b3
(− p1 · l1)+ fa1b1b3fa2b2b3(p1 · l2)]
×
[
fb2a4b4fb1a3b4
(− p3 · l2)+ fb2a3b4fb1a4b4(− p4 · l2)]
=
4
f4π
c
(box)
1234
[
− (p1 · l)(p12 · l) + 18s2
]
+
4
f4π
c
(box)
1243
[
(p1 · l)(p12 · l) + 18s2
]
. (3.20)
To obtain the last line we expanded out the product, identified the box color-factors
(3.13) in terms of the structure constants, and then performed some simplifications. Terms
linear in the loop-momentum l were dropped since they integrate to zero.
Including the propagators, this gives the s-channel contribution to the integrand. The
t- and u-channels can be obtained by simple permutations of the external momentum labels,
so the full integrand is
IχPT4
(
1a1 2a2 3a3 4a4 ; l, µ
2
)
=
(
c
(box)
1234
2
f4π
−(p1 · l)(p12 · l) + 18s2(
l − 12p12
)2 (
l + 12p12
)2
+ c
(box)
1243
2
f4π
(p1 · l)(p12 · l) + 18s2(
l − 12p12
)2 (
l + 12p12
)2
)
+ (2↔ 3) + (2↔ 4) .
(3.21)
We could proceed to extract the box numerator factors for χPT, but it is a lot simpler to
directly use the form (3.21) in the double-copy.
BI Self-Dual 1-loop 4-point Integrand and Amplitude. We obtain the self-dual
loop-integrand for BI theory via the BCJ double-copy by replacing the box-color factors in
(3.21) by the YM numerators (3.11). Since these are symmetric in the external labels, we
have
c
(box)
ijkl →
1
λ4
n
(box)
1234 (l) =
2g4YM
λ4
[12][34]
〈12〉〈34〉
(
µ2
)2
=
2g4YM
λ4
[12]2[34]2
s2
(µ2)2 . (3.22)
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This results in significant simplifications, in particular all dependence on the 4d part of the
loop-momentum in the numerator cancels. We are left with
IBI4
(
1a1 2a2 3a3 4a4 ; l, µ
2
)
= IχPT4
(
1a1 2a2 3a3 4a4 ; l, µ
2
) ∣∣∣
c(box)→λ−4n(box)YM
=
1
Λ8
[12]2[34]2
(
µ2
)2(
l − 12p12
)2 (
l + 12p12
)2 + (2↔ 3) + (2↔ 4) ,
(3.23)
where we used the identification (3.10). The loop integral can be evaluated using the
dimension-shifting technique of [32]. The details of this are given in Appendix B. Using
equation (B.11) with p = 2, we find∫
d4−2ǫl
(4π)4−2ǫ
(µ2)2
(l − 12p12)2(l + 12p12)2
=
i
(4π)2−ǫ
ǫ(1− ǫ)Γ(−2 + ǫ)Γ
2(3− ǫ)
Γ(6− 2ǫ) s
2−ǫ =
−is2
960π2
,
(3.24)
which finally gives
A1-loop BI4
(
1+γ 2
+
γ 3
+
γ 4
+
γ
)
=
−i
960π2
(
[12]2[34]2s2 + [13]2[24]2t2 + [14]2[23]2u2
)
+O(ǫ).
(3.25)
In this and subsequent formulae we suppress the Λ-dependent prefactor, this can be easily
restored by dimensional analysis. The result (3.25) agrees exactly with the result obtained
by generalized unitarity in [9] and offers an interesting different path to exploring BI at
loop-level.
4 1-loop SD and NSD Amplitudes from Unitarity
We briefly review results from [9] for the all-multiplicity self-dual and next-to-self-dual
1-loop amplitudes of pure Born-Infeld theory.
4.1 4-point and Counterterm
The self-dual amplitude (3.25) was derived in [9] and can also be computed directly from
Feynman rules (see Appendix C). The next-to-self-dual 4-point amplitude vanishes [9]
A1-loop BI4
(
1+γ 2
+
γ 3
+
γ 4
−
γ
)
= 0 +O(ǫ) . (4.1)
The vanishing of A1-loop BI4
(
1+γ 2
+
γ 3
+
γ 4
−
γ
)
is easy to understand: the amplitude has to be
local, but little group scaling, Bose symmetry, and dimensional analysis show that there is
no such possible local matrix element.
The non-vanishing of A1-loop BI4
(
1+γ 2
+
γ 3
+
γ 4
+
γ
)
, given in (3.25), indicates a potential vio-
lation of EM duality at loop-order. However, there is a local operator ∂4F 4 that generates
this matrix element. We can construct this operator explicitly by using the spinorized form
of the field strengths to make direct contact with the matrix elements in spinor helicity
formalism. Define
F+ =
1
2
(Fµν + iF˜µν)σµν , F− =
1
2
(Fµν − iF˜µν)σµν , (4.2)
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with σµν = 14(σ
µσ¯ν − σν σ¯µ), σµν = 14(σ¯µσν − σ¯νσµ) and F˜µν = −12ǫµνρσFρσ . Then the
Feynman rule for a positive/negative helicity external photon with momentum p is simply4
F+ ↔
√
2|p][p| and F− ↔
√
2|p〉〈p| . (4.3)
The ∂4F 4 operator that cancels the loop-contribution (3.25) is
SBI → SBI + 1
7680π2Λ8
∫
d4x
[
(∂µF+αβ)(∂
µFαβ+ )
]2
+ h.c. (4.4)
This then restores the duality symmetry at 4-point 1-loop order.
4.2 n-point
In a recent paper [9], we computed 1-loop amplitudes in the self-dual and next-to-self-dual
sectors for any number of external states, using a combination of powerful modern methods.
In the self-dual sector of pure BI, the 1-loop integrand is
IBI2n
(
1+γ 2
+
γ · · · 2n+γ ; l, µ2
)
(4.5)
=
(
1
2
)n−1
[12]2[34]2 . . . [2n− 1, 2n]2
(−µ2)n∏n
i=1
[(
l −∑2ij=1 pj)2 + µ2] + P(2, 3, . . . , 2n) ,
where the P(2, 3, . . . , 2n) stands for all permutations of momentum labels 2, 3, . . . , 2n.
Using the integral (B.3), it was shown in [9] that (4.5) integrates to the local expression
ABI4 1-loop2n
(
1+γ 2
+
γ . . . 2n
+
γ
)
=
i
32π2
(
−1
2
)n−1 1
n(n+ 1)(n + 2)(n + 3)
×
[
[12]2[34]2 . . . [2n − 1, 2n]2
 n∑
i<j
n∑
k<l
aijkl
(
2j∑
m=2i+1
pm
)2( 2l∑
m=2k+1
pm
)2
+ P(2, 3, . . . , 2n)
]
+O(ǫ) ,
(4.6)
with
aijkl =

1 if all i, j, k, l are different
2 if exactly 2 of i, j, k, l are identical
4 if i = k and j = l
. (4.7)
It is straightforward to check that this result matches the results of the explicit calculations
for the cases of n = 2 presented above.
4The reference spinor of the polarizations drop out because Fµν is gauge invariant.
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In the next-to-self-dual sector, the 1-loop amplitudes in pure BI theory are
ABI4 1-loop2n
(
1+γ 2
+
γ . . . (2n − 1)+γ 2n−γ
)
=
i
32π2
(n− 2)!
(n+ 2)!
(
−1
2
)n−1 [12]2 . . . [2n− 3 2n− 2]2[2n− 1|p2n−2 + p2n−3|2n〉2
s2n,2n−2,2n−3
×
n−2∑
i<j
n−2∑
k<l
aijkl
(
2j∑
m=2i+1
pm
)2( 2l∑
m=2k+1
pm
)2
+ 4
n−2∑
i≤j
(
2i∑
m=1
pm
)2( 2j∑
m=1
pm
)2
+2
n−2∑
i=1
n−2∑
k<l
ai(n−1)kl
(
2i∑
m=1
pm
)2( 2l∑
m=2k+1
pm
)2+ P(1, 2, . . . , 2n − 1) +O(ǫ)
+ local terms.
(4.8)
The local terms in this amplitude have been computed explicitly and can be found in
equations (4.24)-(4.27) in [9].
As shown in [9], the 1-loop next-to-self-dual + · · ·+− amplitude (4.8) has simple poles
on which it factorizes into self-dual + · · · + + amplitudes times a 4-point tree-level BI
amplitude, e.g.
Res
p2
f
=0
ABI4 1-loop2n
(
1+γ . . . (2n − 1)+γ 2n−γ
)
(4.9)
= ABI4 1-loop2n−2
(
1+γ . . . (2n − 3)+γ (pf )+γ
)
×ABI44
(
(−pf )−γ (2n − 2)+γ (2n − 1)+γ (2n)−γ
)
.
There are no other poles of any kind in amplitudes in the self-dual and next-to-self-dual
sectors. Therefore, if local counterterms are chosen to set all 1-loop self-dual amplitudes to
zero, then the next-to-self-dual 1-loop amplitudes is also local and can therefore be removed
by local finite counterterms as well. This means that there is no violation of EM duality
at the 1-loop level in the self-dual and next-to-self-dual sectors.
5 Supersymmetric (D)BI and MHV Amplitudes at 1-loop
We present supersymmetric extensions of BI theory and derive the U(1) EM duality charges
of the states in the supermultiplets. We then use the result from Section 4 for the self-dual
1-loop integrand of pure BI theory to construct a conjectured expression for the MHV 1-
loop integrand of N = 4 DBI using the dimension-shifting relation of [32]. This integrates
to a local polynomial expression for the MHV 1-loop amplitudes in N = 4 DBI that agrees
at n = 4, 6 with known results.
5.1 Supersymmetric Born-Infeld
Consider Born-Infeld theory supersymmetrically coupled to Nf Weyl fermions and Ns
complex scalars. We have
N = 1 BI: Nf = 1 and Ns = 0 ,
N = 2 DBI: Nf = 2 and Ns = 1 ,
N = 4 DBI: Nf = 4 and Ns = 3 .
(5.1)
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The scalars of the N = 2 and N = 4 supermultiplets are Dirac-Born-Infeld scalars, hence
the switch of name from supersymmetric BI theory to the more commonly used supersym-
metric DBI.
As we have discussed, 4d pure non-supersymmetric BI has electromagnetic duality
symmetry that acts as a U(1) symmetry on the on-shell photon states. In supersymmetric
BI, this becomes a U(1)R symmetry. Suppose the supercharge changes the charge by r,
then if the highest weight state in the multiplet has helicity h and charge q
state: |h〉 |h− 12〉 |h− 1〉 . . .
U(1)R : q q − r q − 2r . . . (5.2)
CPT conjugate states must have opposite charges. In particular, if the multiplet is CPT
self-conjugate, as is the case for the N = 4 vector multiplet, then we must have −q = q−4r,
i.e. r = q/2. With q = 1, as in pure BI, this fixes the U(1)R charges of the multiplet to be
state: |1〉 |12〉 |0〉 | − 12〉 | − 1〉
U(1)R : 1
1
2 0 −12 −1
(5.3)
which means that the U(1)R-charges coincide with the helicity labels. In addition, the
N = 4 theory admits an SU(4)R symmetry under which the vectors are singlets; so the
non-abelian R-symmetry is not an electromagnetic duality symmetry.
When applied to N = 4 SYM, one can exclude the existence of a U(1)R: the reason
is that the cubic gluon interactions give rise to non-vanishing 3-particle amplitudes with
helicities ++− and −−+. This requires the vector charge, and hence all the other U(1)R
charges, to vanish.5
In N = 4 DBI, the U(1)R is allowed; there are for example no cubic interactions to
forbid it. The existence of the U(1)R was noted in a CHY formulation of the N = 4 DBI
amplitudes in [16].
In the supersymmetric theories (5.1), the Ward identities associated with the conserva-
tion of the U(1)R charge are, for the special case of amplitudes with only external photons,
exactly the same as (1.1). Since self-dual and next-to-self dual amplitudes vanish in any
supersymmetric theory, independent of the existence of a duality symmetry, the simplest
class of potentially non-trivially duality-violating amplitudes are therefore the MHV sector
starting at 6-point. Hence we now turn to study the MHV amplitudes.
5.2 All-Multiplicity 1-loop MHV Amplitudes in N = 4 DBI
In this section we present a conjecture for the all-multiplicity 1-loop integrand of the MHV
sector of N = 4 DBI in d = 4−2ǫ. As we argue, the expression we write down follows from
combining two well-known conjectures, the dimension-shifting relation between self-dual
and maximally supersymmetric Yang-Mills [32], and the 1-loop version of the BCJ double-
copy [30] applied to Born-Infeld models (1.10). At n = 4 and n = 6, where alternative
explicit results are available for comparison, we find exact agreement.
5A parallel argument can be used to prove that there can be no U(1) R-symmetry of N = 8 supergravity
due to the graviton 3-particle self-interactions. See Section 8.2.
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It was conjectured in [32] that the 1-loop MHV integrand of N = 4 SYM is related to
the 1-loop self-dual integrand of pure YM theory as:
IN=4 SYMn
(
1+2+ · · · i− · · · j− · · ·n+; l, µ2) = 〈ij〉4
2(µ2)2
IYMn
(
1+2+ · · ·n+; l, µ2). (5.4)
The relation was proven for n ≤ 6 and evidence was provided for its validity at all multi-
plicity [32]. We can write the 1-loop integrand for self-dual Yang-Mills in BCJ form
IYMn
(
1+2+ · · ·n+; l, µ2) =∑
i
ci n
YM
i
(
1+2+ · · ·n+; l, µ2)
di
, (5.5)
where the sum over i is taken over all trivalent 1-loop graphs with ci and di the cor-
responding color factors and denominators respectively. If the 1-loop BCJ conjecture is
correct, then we can always find a so-called generalized gauge in which the numerators
satisfy kinematic Jacobi relations [30]
nYMi + n
YM
j + n
YM
k = 0 ⇐⇒ ci + cj + ck = 0. (5.6)
If we assume that such numerators exist then we can define
nN=4 SYMi
(
1+2+ · · · i− · · · j− · · ·n+; l, µ2) ≡ 〈ij〉4
2(µ2)2
nYMi
(
1+2+ · · ·n+; l, µ2). (5.7)
Then, further assuming the dimension-shifting relation (5.4), it follows that
IN=4 SYMn
(
1+ · · · i− · · · j− · · ·n+; l, µ2) =∑
i
ci n
N=4 SYM
i
(
1+ · · · i− · · · j− · · · n+; l, µ2)
di
.
(5.8)
The objects (5.7) are BCJ numerators for N = 4 super Yang-Mills in some generalized
gauge. Furthermore, since they are constructed by multiplying by an overall factor, these
numerators must also satisfy the kinematic Jacobi relation (5.6). If the loop-level BCJ
conjecture is correct then we can generate an expression for the MHV 1-loop integrand of
N = 4 DBI by replacing the color factors ci in (5.8) with BCJ numerators of χPT (in any
generalized gauge). This gives the following relation
IN=4 DBIn
(
1+2+ · · · i− · · · j− · · ·n+; l, µ2) = 〈ij〉4
2(µ2)2
IBIn
(
1+2+ · · ·n+; l, µ2). (5.9)
Using the explicit all-multiplicity expression for the self-dual integrand (4.5), we then use
(5.9) to conjecture the following all-multiplicity expression for the 1-loop integrand in the
MHV sector of N = 4 DBI
IN=4 DBI2n
(
1+γ 2
+
γ · · · i−γ · · · j−γ · · · 2n+γ ; l, µ2
)
=
(
−1
2
)n
〈ij〉4 [12]2 · · · [2n − 1, 2n]2 (µ
2)n−2∏n
i=1
[(
l −∑2ij=1 pj)2 + µ2] + P (2, 3, · · · , 2n) .
(5.10)
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The 1-loop double-copy construction was tested successfully at 4-point for the self-dual
amplitude in Section 3.2. When the result (3.23) for IBI4
(
1+γ 2
+
γ 3
+
γ 4
+
γ ; l, µ
2
)
is applied in
(5.9), we obtain the 4-point MHV 1-loop integrand
IN=4 BI4
(
1+γ 2
+
γ 3
−
γ 4
−
γ ; l, µ
2
)
=
1
2
[12]2〈34〉2 (s2I2[p12] + t2I2[p13] + u2I2[p14]) , (5.11)
where I2 is a scalar bubble integrand, whose integral I2 in 4 − 2ǫ dimensions is given in
(B.11). Thus in the small-ǫ expansion we find
A1-loop N = 4 DBI4 (1+γ 2+γ 3−γ 4−γ ) =
1
2
[12]2〈34〉2
[
s2I2(s) + t
2I2(t) + u
2I2(u)
]
+O(ǫ) .
(5.12)
The amplitude is UV divergent, and it is in fact the only MHV amplitude of (D)BI that
has non-vanishing 4d cuts. Unitarity requires that these cuts factor into physical tree-
amplitudes. Even though the complete integrand (5.10) is scheme-dependent, the value
of these 4d cuts are not, and therefore give a non-trivial check on the proposal (5.9). In
the following subsection we verify explicitly that the cut-constructible part of the 4-point
MHV amplitude, constructed from the known tree-amplitudes, agrees exactly with (5.12).
For n > 2, i.e. for 6-point and higher, the integrand vanishes as µ → 0, hence it has
vanishing 4d cuts. Using the integral (B.9) derived in Appendix B, we integrate (5.10) for
n > 2 to find the rational local expression
A1-loop N = 4 DBI2n
(
1+γ 2
+
γ · · · i−γ · · · j−γ · · · 2n+γ
)
=
i
16π2
(−1)n+1〈ij〉4
2n(n− 1)(n − 2)
(
[12]2 · · · [2n − 1, 2n]2 + P (2, 3, · · · , 2n)
)
+O(ǫ).
(5.13)
In the following we compare the 4-point MHV 1-loop result (5.12) with the prediction from
unitarity and discuss the associated divergence and infinite local counterterm. We also
compare our prediction for the 6-point MHV 1-loop amplitude (5.13) with explicit results
obtained in [17] using the dimensional reduction of M5-brane tree-amplitudes. We find
complete agreement in both cases.
5.3 1-loop MHV in BI with N -Fold SUSY and Counterterms
4-point. Consider a Born-Infeld model with Nv vectors coupled supersymmetrically to
Nf Weyl fermions and Ns complex scalars. The 4-point MHV amplitude in this model has
non-vanishing 4d cuts and it is therefore fairly straightforward to calculate from unitarity.
We include the details for the calculation in Appendix C.4. The result is
A1-loop4 (1+γ 2+γ 3−γ 4−γ ) = [12]2〈34〉2
[
Nv
2
s2I2(s) +
(Nv
5
+
Nf
20
+
Ns
30
)(
t2I2(t) + u
2I2(u)
)]
=
1
ǫ
i
16π2
[12]2〈34〉2
[
Nv
2
s2 +
(Nv
5
+
Nf
20
+
Ns
30
)(
t2 + u2
)]
+O(1) .
(5.14)
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For Nv = 1 and Nf = Ns = 0 we obtain the pure Born-Infeld MHV amplitude. The
N = 1, 2, 4 results are likewise obtained by setting Nv = 1 and using (5.1). In particular,
Nv = 1, Nf = 4, and Ns = 3, reproduces the N = 4 DBI result (5.12), a non-trivial test
of the conjectured relation (5.9). The 4-point MHV 1-loop amplitude of N = 4 DBI was
calculated previously by Shmakova [33] with the same result (5.12).
In order to absorb the 1/ǫ divergence in the 4-point MHV amplitudes, it follows from
simple power-counting that we need a local counterterm of the form ∂4F 4. Little group
scaling, Bose symmetry, and dimensional analysis show that there are two independent
local matrix elements, so there are two independent ∂4F 4 operators on-shell. The general
counterterm amplitude takes the form
Act4
(
1+γ 2
+
γ 3
−
γ 4
−
γ
)
= a [12]2〈34〉2s2 + b [12]2〈34〉2(t2 + u2) , (5.15)
where a and b are constants. With particular choices of a and b, we can cancel the UV
divergence for all choices of Nf and Ns.
Imposing N = 4 supersymmetry, the matrix element (5.15) must satisfy the super-
symmetry Ward identity
Act4
(
1+γ 2
+
γ 3
−
γ 4
−
γ
)
=
[12]4
[13]4
Act4
(
1+γ 2
−
γ 3
+
γ 4
−
γ
)
, (5.16)
which requires
as2 + bt2 + bu2 = bs2 + at2 + bu2 =⇒ (a− b)(s2 − t2) = 0 . (5.17)
So this is possible only if a = b. In other words, there is only one ∂4F 4 counterterm
compatible with N = 4 supersymmetry. Thus, in N = 4 DBI, the UV divergence must be
proportional to s2 + t2 + u2, exactly as it is in (5.12). The counterterms associated with
(5.15) are easy to construct using spinorized fields (4.2) and external line Feynman rules
(4.3). We find
Tr(∂µF+∂
µF+)Tr(∂νF−∂
νF−) −→ 4[12]2〈34〉2 s2 ,
Tr(∂µF+∂νF+)Tr(∂
µF−∂
νF−) −→ 2[12]2〈34〉2 (t2 + u2) ,
(5.18)
where the trace refers to the spinor indices, i.e. Tr(∂µF+∂
µF+) = ∂µ(F+)a
b∂µ(F+)b
a. Linear
combinations of these two operators cancel the 1/ǫ divergence in the 1-loop amplitude
(5.14).
For the N = 4 supersymmetric case, the counterterm takes a particularly recognizable
form in terms of the 8-rank t8-tensor known from the open string amplitude. Specifically,
(t8)µ1ν1µ2ν2µ3ν3µ4ν4∂αF
µ1ν1∂βF
µ2ν2∂αFµ3ν3∂βFµ4ν4
= 2Tr(∂µF+∂
µF+)Tr(∂νF−∂
νF−) + 4Tr(∂µF+∂νF+)Tr(∂
µF−∂
νF−)
−→ 8[12]2〈34〉2 (s2 + t2 + u2) ,
(5.19)
giving the N = 4 supersymmetric matrix element (5.12).6
6The (t8)(∂F )
4 operator presented in [33] has a different index contraction that produces matrix elements
with the wrong helicity structure.
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6-point. The 6-point 1-loop MHV amplitude of N = 4 DBI was recently calculated from
explicit CHY formulae for M5-brane tree-amplitudes using two methods [17]. First, by
dimensionally reducing the forward limit of 8-point M5-brane tree-amplitudes, and second,
using generalized unitarity by imposing consistency with the M5-brane tree-amplitudes on
6d cuts. Their result agrees with (5.13). It was also noted in [17] that the general form of the
kinematic polynomial in (5.13) is the only possible one compatible with the requirements
of power counting, little group scaling, and supersymmetry. Our result (5.13) is the exact
result for the 1-loop MHV amplitude of N = 4 DBI, including its normalization, using the
conjectured relation (5.9).
The self-dual and next-to-self-dual sectors vanish in the presence of any amount of
supersymmetry, hence the MHV amplitudes present the first potentially duality-violating
sector in N = 4 DBI. For multiplicities beyond 4-point, the MHV result (5.13) has the
important feature that it is completely local and therefore it can be removed by the addition
of a finite local counterterm. Thus the MHV duality-violating N = 4 DBI amplitudes can
be set to zero, providing yet another piece of evidence that electromagnetic duality may
be preserved at 1-loop.
6 Rational Loop Amplitudes and Finite Counterterms
Given the explicit results (4.6) and (4.8) for the SD and NSD duality-violating 1-loop
amplitudes in pure BI theory and the MHV 1-loop amplitudes (5.13) of N = 4 DBI, there
is a clear motivation to attempt a general proof that duality violation at 1-loop is always
removable by adding an appropriate set of finite local counterterms.
As we discuss in more detail below, at 1-loop, all duality-violating amplitudes are
purely rational functions of spinor-helicity brackets. The problem of determining whether-
or-not such rational functions are removable by adding higher-derivative (duality-violating)
local operators to the classical action can be rephrased as the problem of whether their
kinematic singularity structure resembles that of a tree-level scattering amplitude; we refer
to such amplitudes as tree-like. Explicitly, we define tree-like to mean that the rational
1-loop amplitudes An have two important properties:
• Factorization: If it is possible to find lower multiplicity on-shell amplitudes AnL and
AnR with nL+nR = n+2 that can be glued together into an expression of the form∑
X
AnL(..., PX )AnR(−PX , ...), (6.1)
where we sum over all physical states X, X denotes a state with CP conjugate
quantum numbers, and the remaining n external states coincide with those of An,
then An must contain a (simple) pole at P 2X = 0 with this expression as its residue.
• Locality : The rational amplitude An contains no additional spurious singularities.
These properties are guaranteed to hold for any expression constructed using Feynman
rules derived from a local, Lorentz-invariant Lagrangian of a unitary model. This includes
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both the genuine tree-level approximation to S-matrix elements as well as the contributions
from higher-derivative counterterms equivalent in Λ counting to 1-loop order in the EFT.
As a consequence, if the purely rational 1-loop amplitudes are not tree-like, then no choice
of finite local counterterms can cancel them. It is not a priori obvious what the singularity
structure of rational loop amplitudes should be.
An illustrative example of a non-tree-like rational amplitude is provided by the 1-loop
self-dual Yang-Mills amplitude at n = 4 [34]
AYMn
[
1+g 2
+
g 3
+
g 4
+
g
]
= − i
96π2
[12][34]
〈12〉〈34〉 . (6.2)
Such an expression has complex multi-collinear singularity when |1〉 ∝ |2〉 ∝ |3〉 ∝ |4〉
that does not correspond to a physical factorization singularity, and hence this expression
is non-tree-like. The physical interpretation of this result is that such an amplitude is
scheme-independent, and cannot be removed by the addition of local counterterms to the
Yang-Mills action.
To make the problem explicit we briefly review the discussion of [35]. Consider the
representation of the d = 4 − 2ǫ dimensional loop integrand constructed using Feynman
rules. This is a sum over terms of the form
N [l, qi]
(l + q1)2(l + q2)2...(l + qk)2
, (6.3)
where qi are region momenta. We consider only 1PI contributions since singularities arising
from propagators which do not contain l in the chopped off parts are not relevant for the
discussion. Hence the Feynman numerator N [l] is a polynomial in both l and qi. We split
the numerator into two pieces
N [l] = N (0)[l] +N (1)[l] , (6.4)
where N (1)[l] → 0 as ǫ → 0. The N (1) part may generate a contribution (which in [35] is
called R2) from ǫ/ǫ cancellations against UV and IR divergences. Since this integrand is
1PI, the UV contributions from N (1) are always polynomial. The remaining contribution
(called R1 in [35]) arises from the rational parts of the triangle and box master scalar inte-
grals generated by tensor reduction of the N (0) part of the numerator. One perspective on
this is given by old-fashioned Passarino-Veltman reduction [36]. Intermediate steps in the
reduction of tensor integrals generates Gram determinant factors in the region momenta
which in general contain spurious singularities. The general form of such rational contri-
butions is quite complicated and not known explicitly in general. What is known is that
they are not always tree-like, even in the case where the amplitudes are purely rational.
The pure BI results (4.6) and (4.8) and the MHV result (5.13) in N = 4 DBI show
that that these duality-violating 1-loop contributions are tree-like and can be set to zero
by finite local counterterms. That expressions like (6.2) arise in the self-dual sector of
Yang-Mills (and also Einstein gravity [37]) but not at 1-loop in Born-Infeld, as far as we
know, could be taken as a hint that there is an essential difference between these models
which is responsible for the absence of non-tree-like rational terms in the latter. A clue
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as to what this might be comes from the analysis in [38] of the factorization properties of
QCD amplitudes. There, an argument was given (which assumed QCD-like power counting,
though perhaps not in an essential way) that IR finite 1PI integrals do not generate spurious
singularities. If such an argument can be extended to integrals with Born-Infeld-like power
counting, then it would imply that all duality-violating 1-loop amplitudes are tree-like
rational functions. Here the essential property that distinguishes Born-Infeld from Yang-
Mills or Einstein Gravity is the absence of 3-particle interactions that generate Feynman
integrals with soft or collinear IR divergences at 1-loop.
At present the statement:
no 3-point interactions + no 4d cuts ⇒ tree-like rational amplitudes
remains a conjecture, but if proven it implies that all duality-violating 1-loop amplitudes
in Born-Infeld can be completely cancelled by adding an appropriate set of finite local
counterterms. To make the argument explicit, consider a 2-particle 4d cut of a 1-loop
amplitude in Born-Infeld:
...
...
...
...
Atree Atree
+
−
+
−
+
−
+
−
h1
h2
−h1
−h2
Here h1 and h2 are the helicities of the on-shell photons exchanged across the cut. Let
the number of external positive and negative helicity photons on the LHS of the cut be
n±L and similarly on the RHS, n
±
R. Because each tree sub-amplitude satisfies the duality
constraints (1.1), we have
n+L = n
−
L − h1 − h2 , and n+R = n−R + h1 + h2 . (6.5)
Hence for the overall amplitude
n+ = n+L + n
+
R = n
−
L + n
−
R = n
− . (6.6)
This means that the 4d cut can only be non-zero when the 1-loop amplitude obeys the
constraint n+ = n− of duality. Any triple and quadruple 4d cuts must necessarily obey
the same constraint, since they are further restrictions of the 2-particle 4d cuts. Thus any
duality-violating 1-loop amplitude of Born-Infeld has vanishing 4d cuts and therefore must
be purely rational.
We now argue that any duality-violating 1-loop amplitude in BI theory can be set to
zero by finite local counterterms assuming that this class of amplitudes have only standard
factorizations into an on-shell tree amplitude and an on-shell 1-loop amplitude, i.e. that
they are tree-like. Consider first the 1-loop self-dual amplitude. Any factorization channel
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has vanishing residue since the tree amplitude on the RHS is necessarily duality-violating
and therefore vanishes:
...
...
...
...
A1-loop Atree
+
+
+
+
+
+
+
+
h −h
= 0 .
(6.7)
Because there are no factorization channels, the self-dual amplitude must be polynomial.
Given tree-level duality, the 1-loop amplitudes with only a single negative helicity pho-
ton An(−+ · · ·+) factorize on simple poles into an (n−2)-point 1-loop self-dual amplitude
An−2(+ · · ·+) and a 4-point tree amplitude A4(+ +−−):
...
...
A1-loopn−2 Atree4
+
+
+
+
+
−
+
+ −
(6.8)
The explicit expressions (4.6) and (4.8) for A1-loopn (+ + · · ·+) and A1-loopn (− + · · ·+)
precisely have the above structure. In particular, the SD 1-loop amplitude (4.6) is poly-
nomial and the NSD 1-loop amplitude (4.8) has precisely the factorization poles (6.8) plus
polynomial terms.
This structure means that we can add local finite counterterms to the action so that
the self-dual and next-to-self-dual 1-loop amplitudes are set to zero. Here and below,
this means that the amplitudes vanish up to order O(ǫ) in dimensional regularization.
Henceforth, let us suppose this has been done, i.e.
A1-loopn (+ + · · ·+) = O(ǫ) and A1-loopn (− + · · ·+) = O(ǫ) . (6.9)
Consider now the MHV amplitudes A1-loopn (− − + · · ·+). Electromagnetic duality of the
BI tree amplitudes dictate that any factorization must involve either the self-dual or the
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next-to-self-dual 1-loop amplitudes; we write out the options explicitly
...
A1-loopn−2 Atree4
+
−
+
+
+
−
+
+ −
...
A1-loopn−2 Atree4
+
+
+
+
+
−
−
− +
...
A1-loopn−4 Atree6
+
+
+
+
+
+
+
−
−
+ −
(6.10)
Since we have set the RHS 1-loop amplitudes to zero (6.9), there can be no contribution
(at O(1)) to the MHV 1-loop amplitude with n > 4. It must therefore be polynomial and
we can set it to zero with the help of local finite counterterms, i.e. for n > 4
A1-loopn (−−+ · · ·+) = O(ǫ) . (6.11)
The 4-point MHV amplitude was calculated explicitly in Section 5 and as it has non-
vanishing 4d cuts, it is UV divergent.
It is clear that one can now proceed to check the factorization channels of the NMHV
1-loop amplitude and see that EM duality of the tree factor always requires the 1-loop
subamplitude to be SD, NSD, or MHV. Since they vanish to order O(ǫ), the NMHV 1-loop
amplitude must be polynomial and we can proceed to set it to zero for n > 6,
A1-loopn (−−−+ · · ·+) = O(ǫ) . (6.12)
For n = 6, this argument fails because the 1-loop NMHV amplitude has non-vanishing 4d
cuts and hence it is not a rational function.
The argument extends in the obvious way to NkMHV until the point where the duality-
preserving amplitude with n+ = n− is reached. The duality-conserving amplitudes have
non-vanishing 4d cuts and the factorization argument no longer applies.
In the presence of any amount of supersymmetry, this argument continues to hold. In
this case, (6.9) is modified to
A1-loopn (+ + · · ·+) = 0 and A1-loopn (− + · · ·+) = 0 . (6.13)
For the factorization of MHV amplitudes in (6.10), the RHS 1-loop amplitudes vanish
again, this time to any order in ǫ by (6.13). Thus the supersymmetric MHV amplitude can
be removed by adding a finite local counterterm. This prediction is explicitly verified by
the MHV 1-loop amplitudes (5.13) with n ≥ 6 in N = 4 DBI: they are indeed tree-like and
the duality-violation can be removed by finite local counterterms. The argument extends
as before to NkMHV until k = n2 − 2, which is the duality-preserving sector.
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In conclusion, assuming that tree-like factorization of rational 1-loop amplitudes holds
in BI theory, there exists a scheme (i.e. a set of finite local counterterms) in which any
duality-violating 1-loop amplitudes vanish. If true, this means that EM duality can be
preserved at 1-loop order. As discussed in the Introduction, from one perspective this is
surprising, since EM duality is an on-shell symmetry of the equations of motion rather
than a traditional off-shell symmetry of the (covariant) action.
Moreover, this analysis made no use of special properties of Born-Infeld beyond EM
duality. It therefore applies to any 4d EM duality invariant model of nonlinear electrody-
namics, such as the infinitely many models of the form (2.9) which additionally satisfy the
Gaillard-Zumino condition (1.4).
7 Higher Derivative Corrections as a Double-Copy
The KLT relations [6] give closed-string tree amplitudes as sums of products of open-string
tree amplitudes. In the limit of infinite string tension (α′ → 0), these relations reduce to
field theory KLT relations that express (super)gravity tree amplitudes as sums of products
of tree amplitudes of two (not necessarily the same) gauge theories. In this section, we
study the field theory KLT relations in the context of the double-copy (1.5) of Yang-Mills
theory and χPT. In particular, we extend the double-copy relation to higher-derivative
order with the purpose of examining the double-copy construction of the infinite and finite
counterterms discussed in this paper. We also compare our results with the string effective
action.
7.1 KLT Double-Copy
The field theory KLT relation takes the form
AA⊗Bn =
∑
α,β
AAn [α]S[α|β]A˜Bn [β] , (7.1)
where A and B are theories with color-structure subject to constraints that we review
below. The sum over α and β label sets of (n − 3)! independent color orderings for the
partial amplitudes.7 The KLT kernel S[α|β] is order n− 3 in the Mandelstam variables in
the field theory limit, but has an all-order in α′ expression in string theory.
The amplitudes in the theories A and B must satisfy a number of non-trivial conditions
for (7.1) to hold; not all theories with color-structure can be double-copied. First of all,
the amplitudes in the right-hand side of (7.1) are color-ordered partial amplitudes. In the
context of our discussion here, this means that the full tree amplitudes admit an expansion
of the form
An(12 . . . n) =
∑
σ∈Sn−1
Tr (taσ1 taσ2 . . . taσn−1 tan)An[σ, n] , (7.2)
where Sn−1 is the symmetric group of order n − 1. In addition, the partial amplitudes
must satisfy the following constraints, which reduces the number of independent partial
amplitudes to (n− 3)!. These additional relations are
7We use square brackets for the arguments of a partial color-ordered amplitude and round brackets for
the arguments of a full amplitude.
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• Cyclicity,
An[1 2 . . . n] = An[2 3 . . . n 1] = An[3 4 . . . n 1 2] = . . . , (7.3)
as should be evident from the cyclicity of the trace of gauge group generators in (7.2).
• Kleiss-Kuijf (KK) relations [39],
An[1β 2α] = (−1)|β|
∑
σ∈αβT
An[1 2σ] , (7.4)
where |β| is the length of β and α βT is the shuffle product of α and β in reverse
order. The special case of α being the empty list is the reflection relations. When β
has length 1, (7.4) simply gives the U(1) decoupling identity.
• Fundamental Bern-Carrasco-Johansson (BCJ) identities [7],
n−1∑
i=2
 i∑
j=2
sjn
An[1 2 . . . i, n, i + 1 . . . n− 1] = 0 . (7.5)
In the following, we restrict our study to 4-point amplitudes. For those the combined
KK and BCJ relations give
A4[1234] = t
u
A4[1243] = t
s
A4[1324] = t
u
A4[1342] = t
s
A4[1423] = A4[1432] . (7.6)
All other orderings are cyclic permutations of the ones given here. At 4-point, the explicit
form of the field theory KLT relation (7.1) can be written
AA⊗B4 (1234) = −
1
Λ2
sAA4 [1234]AB4 [1243] = −
1
Λ2
su
t
AA4 [1234]AB4 [1234] , (7.7)
using in the second step from the identities (7.6). Throughout this section we use the
dimensionful scale Λ in place of the physical couplings gYM, λ and fπ, these can restored
straightforwardly at the end of the calculation.
We now turn to the study of higher-derivative corrections to the 4-point amplitudes of
BI theory from the double-copy.
7.2 Higher-Derivative Corrections to Born-Infeld
To extend the field theory KLT construction to include higher-derivative corrections, one
must define what the double-copy means when higher-order terms are included. In a
top-down approach, one uses the string theory prescription with α′-corrections to both
the KLT kernel and the BCJ relations. In a bottom-up approach, one parametrizes all
possible higher-derivative corrections to the KLT kernel and BCJ relations and subject
them to consistency conditions. In either approach, We find that for the 4-point calculations
presented here, the absence of the first sub-leading correction means that we can work
with the uncorrected field theory relations (7.6) and (7.7) without any effect on the results
presented here.8
8At higher-orders in the derivative expansion, one needs corrected versions of the BCJ relations and
KLT kernel.
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With this setup, let us now consider the leading order higher-derivative corrections to
the 4-point amplitudes of χPT and YM theory that satisfy the constraints of cyclicity, KK
relations, and uncorrected BCJ relations (7.6). Additionally, we impose locality, unitar-
ity, and the absence of higher-spin states in any factorization channels. The details are
presented in Appendix E. We find:
• χPT (also obtained in [21]):
AχPT4 [1234] =
1
Λ2
t
(
c0 +
c4
Λ4
(
s2 + t2 + u2
)
+
c6
Λ6
stu+O(Λ−8)
)
. (7.8)
• YM
AYM4 [1+2+3−4−] =
[12]2〈34〉2
su
(
a˜0 +
a˜4
Λ4
tu+
a˜6
Λ6
stu+O(Λ−8)
)
, (7.9)
AYM4 [1+2+3+4−] =
1
Λ2
[12]2[3|p1|4〉2
su
(
b˜0 +
b˜6
Λ6
stu+O(Λ−8)
)
, (7.10)
AYM4 [1+2+3+4+] =
c˜2
Λ2
[12]2[34]2s+ [13]2[24]2t+ [14]2[23]2u
su
+
c˜6
Λ6
t
(
[12]2[34]2 + [13]2[24]2 + [14]2[23]2
)
+O(Λ−8) . (7.11)
The leading contributions in AYM4 [1+2+3+4+] and AYM4 [1+2+3+4−], as well as the sub-
leading contribution of AYM4 [1+2+3−4−] were also calculated in [40]. An important feature
of these results is that contributions of order 1/Λ4 are absent both in the χPT amplitude
(7.8) (where it is excluded by the BCJ constraints) and in the SD YM amplitude (7.11)
(where the one BCJ permissible term at this order has a pole corresponding to the exchange
of a massless spin-3 particle, hence we exclude it). Substituting the above results in the
double-copy formula (7.7) gives the following results for the amplitudes of Born-Infeld,
ABI4 (1+2+3−4−) = −
[12]2〈34〉2
Λ4
(
a˜0 +
1
Λ4
(
2a˜0c4s
2 + (a˜4 − 2a˜0c4) tu
)
(7.12)
+
1
Λ6
(a˜6 + a˜0c6) stu+O(Λ−8)
)
,
ABI4 (1+2+3+4−) = −
[12]2[3|p1|4〉2
Λ6
(
b˜0 +
b˜0c4
Λ4
(
s2 + t2 + u2
)
+
b˜0c6 + b˜6
Λ6
stu+O(Λ−8)
)
,
(7.13)
ABI4 (1+2+3+4+) = −
c˜2
Λ6
(
[12]2[34]2s+ [13]2[24]2t+ [14]2[23]2u
)
(7.14)
− c˜6 + 3c˜2c4
Λ10
stu
(
[12]2[34]2 + [13]2[24]2 + [14]2[23]2
)
+O(Λ−12) .
At the leading order O(Λ−4), only the duality-conserving MHV amplitude (7.12) is non-
zero and it matches the leading Born-Infeld amplitude if a˜0 = −1. This illustrates the idea
of symmetry enhancement in the double-copy; we discuss this further in Section 8.2.
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The sub-leading contribution of the MHV amplitude (7.12) is at the same order, 1/Λ8,
as the 1-loop result of (5.14). In fact, with the choice c4 =
1
32π2ǫ
(
7Nv
10 +
Nf
20 +
Ns
30
)
and
a˜4 = − 116π2ǫ
(
3Nv
10 −
Nf
20 − Ns30
)
the two results match. This means that the infinite coun-
terterm necessary for the cancellation of the 1-loop UV divergence of A4(1+2+3−4−) can
be obtained from a double-copy construction.
The amplitudes of (7.13) and (7.14) have leading-order contributions O(Λ−6), which is
higher than the leading tree-level BI amplitude but lower than any possible 1-loop contri-
bution at O(Λ−8). The SD 4-point amplitude (7.13) has no contribution at order O(Λ−8).
This makes sense because there is no possible local finite operator at this order that can
give rise to a NSD amplitude. This is also why the 1-loop NSD amplitude (4.1) vanishes.
It is very interesting that the 1/Λ8-term is missing from the SD amplitude (7.14). This
stems from the lack of 1/Λ4 contributions in (7.8) and (7.11), as well as the lack of 1/Λ4
terms in the corrected BCJ and KLT relations. However, such a 1/Λ8-term is needed to
restore EM duality by cancelling the non-zero result of the SD 1-loop 4-point amplitude
(3.25). Thus, the finite quartic counterterm, required to restore electromagnetic duality at
1-loop level, cannot be obtained from a double-copy construction. We comment further on
the potential implications of this result in Section 8.1.
Finally, let us briefly comment on 6-point. In the context of N = 4 DBI, the 6-point
1-loop MHV amplitude of the n-point result (5.13) is polynomial and can be cancelled by
a finite local counterterm that we have explicitly constructed using the KLT double-copy
with higher-derivative corrections. This means that some counterterms needed to restore
electromagnetic duality can be constructed via the double-copy with higher-derivatives
while others cannot.
7.3 Comparison with the String Theory Effective Action
BI theory is the leading field-strength-dependent part of the open string effective action
[13]. Higher-derivative corrections to this action have been obtained by considering the
action at finite α′, both in case of the bosonic open string [13] and the superstring [26]. We
now compare these results, with our construction of higher-derivative corrections to the BI
model via the KLT product in Section 7.2. This is done with the identification Λ−2 = 2πα′.
Bosonic open string. The leading results at 4-point in the duality-violating sector,
(7.13) and (7.14), with choice of the Wilson coefficients, e.g.
b˜0 =
1
2
and c˜2 = −1
3
(7.15)
agree with the bosonic open string action of [13].
For the MHV amplitude, the KLT construction gives no 1/Λ6 term, so the leading
order correction is order 1/Λ8. This is consistent with the open string effective action [13].
Abelian Z-theory. Bosonic open string amplitudes have been constructed via the KLT
double-copy of abelian Z-theory and Yang-Mills with certain higher-derivative corrections
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[41]. In order for this to be consistent with our construction in the previous section, the 4-
point amplitude in χPT with higher derivative corrections (7.8) must reduce to the abelian
Z-theory result [42]. This is indeed the case upon choosing
c0 = −1
2
c4 = − 1
192
c6 =
3ζ3
16π3
. (7.16)
Yang-Mills. Similarly, the 4-point Yang-Mills amplitudes (7.9), (7.10) and (7.11) are
found to agree with the corrected Yang-Mills amplitudes used in [41] when
a˜0 = −1 a˜4 = −1 b˜0 = 1 b˜6 = 0 c˜2 = −2
3
c˜6 = −1 . (7.17)
Thus the results in Section 7.2 reduce to the KLT construction of bosonic string amplitudes
in [41] with a specific choice of free parameters.
Superstring. The SD and NSD sectors vanish in any supersymmetric context, so at
4-point we only have the MHV sector to compare with. Furthermore, supersymmetry
constrains the YM amplitude (7.9), such that a˜4 = 0. This term in the amplitude comes
from the F 3 correction of YM, which is only allowed in the absence of supersymmetry. At
the leading orders, the Born-Infeld MHV amplitude of (7.12) agrees with the superstring
MHV amplitude [26] for the choice
a˜0 = −1
2
c4 =
1
96
. (7.18)
There is no contribution at order α′3 ∼ Λ−6.
In [42, 43], it was shown that the superstring amplitudes can be calculated as the KLT
product of Yang-Mills theory and Z-theory. This too can be mapped onto the construction
in Section 7.2 with a particular choice of Wilson coefficients.
8 Discussion
In this paper we have discussed various aspects the physics of the hidden electromagnetic
duality symmetry of D3-brane worldvolume effective field theories. In particular, our focus
has been on analyzing the consequences of such a symmetry for the physically observable
S-matrix elements at sub-leading order in the EFT expansion. These sub-leading contri-
butions are of two kinds: first, loop-level contributions from massless degrees-of-freedom
present in the IR and, second, higher-derivative tree-level, or α′ corrections, from integrat-
ing out massive states in the UV completion. Our work represents a first investigation of
electromagnetic duality symmetry in this context and there are many avenues for further
exploration. Here we first outline a number of open questions and then comment on simi-
lar duality symmetries in supergravity, both with respect to the double-copy and ideas of
oxidation of symmetries from 3d to 4d.
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8.1 Open Questions
Loop-Level BCJ Double-Copy. In Section 3.2 we presented the first explicit example of
a loop-level BCJ double-copy for a non-gravitational model. Using known color-kinematics
duality satisfying numerators for self-dual Yang-Mills at 4-point, together with simple but
non-color-kinematics duality manifesting numerators of χPT, we found that the result
precisely matches the known self-dual Born-Infeld amplitude (4.6) at all orders in the
ǫ-expansion. Since the loop-level double-copy [30] remains a conjecture, this successful
matching can be taken as evidence that it extends to 1-loop in non-gravitational examples
such as BI = YM ⊗ χPT. It would be useful to have further examples, beyond 4-point
and beyond 1-loop. Some of the relevant color-kinematics duality satisfying self-dual Yang-
Mills numerators are known [44] but are quite complicated. A potentially simpler approach
would be to construct color-kinematics duality satisfying numerators for χPT and form a
double-copy with a simpler BCJ representation of the Yang-Mills amplitudes.
1-Loop Dimension-Shifting Relation. Using the mysterious dimension-shifting rela-
tion between 1-loop integrands of self-dual Yang-Mills and the MHV sector of N = 4 super
Yang-Mills together with the loop-level BCJ double-copy we have conjectured a represen-
tation of the integrand for the MHV sector of 1-loop N = 4 DBI (5.10) at all multiplicities.
At n = 4 the UV divergent result matches the physical amplitude we obtained from 4d cuts
(and previously calculated in [33]) and for n = 6 it agrees exactly with expressions recently
derived from the dimensional reduction of M5-brane tree amplitudes in the forward limit
[17]. At higher-multiplicity our expression remains a conjecture, and it is important to ver-
ify its validity. With only even-point amplitudes and its lack of IR divergences at 1-loop, it
is even possible that this simpler example could provide insight into the mechanism behind
the dimension-shifting relations.
IR Behavior and Tree-Like 1-loop Amplitudes. In Section 6 we presented a conjec-
ture, motivated by the analysis of 1-loop amplitudes in QCD [38], that the absence of IR
divergent Feynman integrals (as a consequence of the absence of 3-particle interactions)
implies that purely rational 1-loop amplitudes in Born-Infeld are “tree-like” (in the sense
defined in Section 6). As we showed in Section 6, if this conjecture is true, then in a 4d the-
ory with classical electromagnetic duality, the 1-loop rational duality-violating amplitudes
can always be cancelled by adding finite local counterterms. Our explicit all-multiplicity
results for the 1-loop SD and NSD amplitudes of pure BI theory and the MHV sector of
N = 4 DBI are evidence of the conjecture. If this limited conjecture is proven, an under-
standing of the structure of duality-violating amplitudes at 2-loops and beyond remains
lacking. The status of electromagnetic duality symmetries of interacting quantum field
theories at all-orders of perturbation theory is generally unknown.
Color-Kinematics vs. Electromagnetic Duality? Finally, in Section 7.2 we have
constructed the leading higher-derivative operators of Yang-Mills and χPT compatible
with the tree-level KLT product. Contrary to the leading-order result, we find that generic
double-copy constructible, higher-derivative operators do not conserve the duality charge.
This is not surprising, duality invariance of the double-copy is not manifest at leading-order
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and is one of many examples of an unexpected symmetry enhancement through the double-
copy. It would be interesting if there was some better understanding of which Yang-Mills
higher-derivative corrections lead to enhanced symmetries and which do not, and if there
was some formulation of the double-copy that made this feature manifest.
In some sense the result of the higher-derivative double-copy analysis is the worst
of both worlds. The double-copy does not automatically generate duality satisfying am-
plitudes beyond leading-order, but neither does it generate all possible higher-derivative
corrections to Born-Infeld. In particular, the matrix element corresponding to the finite
local counterterm (4.4) needed to restore duality invariance at 4-point in the self-dual sec-
tor of pure Born-Infeld cannot be generated. This suggests a potential tension between
electromagnetic duality and color-kinematics duality at loop-level.
The central problem is whether or not there exists a regularization scheme that is com-
patible with both notions of duality. At present, color-kinematics duality and the loop-level
BCJ double-copy are only known to make sense in dimensional regularization. The impor-
tance of this is practical, it allows us to freely reroute loop momenta on individual diagram
topologies. However, since electromagnetic duality is only a symmetry in exactly 4d, we
should expect that it is broken in every dimensional scheme. It therefore seems reasonable
to expect that in any double-copy calculation of loop amplitudes, electromagnetic duality
can only be restored post hoc by including explicit counterterm contributions.
For example, if we were to calculate a 2-loop amplitude, the 4-point self-dual amplitude
must receive contributions from diagrams with an effective 1-loop topology and a single
insertion of the counterterm (4.4) of the form:
F 2+F
2
−
∂4F 4+
+
+
+
+
Could such an effective 1-loop integrand be generated by the loop-level BCJ double-copy?
This seems unlikely. On any of the non-vanishing 4d cuts of this integrand, one half of
the cut must be the local matrix element of the counterterm (4.4) that we know cannot
be generated as a tree-level BCJ double-copy. It is not clear that the existence of color-
kinematics duality satisfying loop-level numerators strictly implies the existence of color-
kinematics duality satisfying tree-level numerators on each cut. So this observation can
at most be taken as indicative of a potential obstruction, rather than a firm argument. If
such counterterm diagrams cannot be generated by loop-level BCJ double-copy, and must
be added to the amplitude by hand, then the advantages of the loop-level double-copy as
a calculational tool are diminished. The calculation of the complete amplitude at L-loops
requires a non-double-copy construction of an L − 1-loop integrand with a counterterm
insertion.
Conceptually this suggests two distinct definitions of Born-Infeld at the quantum level.
One which is defined by the BCJ double-copy at all-loops but violates electromagnetic
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duality beginning at 1-loop, and another which is not a BCJ double-copy beyond tree-level
but satisfies the selection rule (1.1) at all loop orders. At this stage such a dichotomy is
just speculation with scant evidence. We do not even know if the double-copy construction
is generally valid at higher-loops in Born-Infeld, or if we can continue to restore duality
symmetry by adding further counterterms. As a further note, let us point out that the
6-point MHV amplitude N = 4 DBI can be set to zero by a finite local counterterm that
we can in fact produce in a KLT-construction with higher-derivative corrections. It is
not known if supersymmetry plays a role in this context. These questions clearly deserve
further detailed study.
8.2 Supergravity: Double-Copy and Symmetry Oxidation
Supergravity with extended supersymmetry is an important class of models in which duality
symmetries play a significant role. We review briefly how non-abelian R-symmetry in pure
supergravity theories can be understood as duality symmetry, how it emerges as a symmetry
enhancement in the double-copy of gauge theories, the partial breaking of duality-symmetry
by higher-derivative terms, and we comment on the proposed oxidation of symmetries 3d
to 4d supergravity.
Duality Symmetry in 4d Supergravity. The 4d super Poincare´ algebra with N su-
percharges admits a maximal R-symmetry extension locally of the form SU(N )R×U(1)R,
which may or may not be realized in a given interacting model. In 4d extended supergrav-
ity, the graviton supermultiplet contains massless vector bosons, graviphotons |γ±〉. The
positive helicity states |γ+〉 transform in an (N2 ) dimensional representation of SU(N )R
while the negative helicity states |γ−〉 transform in the complex conjugate representation.
Even if the full SU(N )R symmetry is realized in observables, it may not be manifest in
the action. This depends on whether the SU(N )R representation is real or complex. In
the former case it may lift to an off-shell symmetry acting on the field strength tensors. In
the latter case, only the restriction to a real representation of a subgroup can possibly be
realized off-shell and the remaining symmetries are seen only as duality invariance of the
equations of motion. Explicitly, for pure 4d supergravities, the graviphotons are in real
representations for N = 2, 4 and complex representations for N = 5, 6, 8.
Due to its self-interactions, the graviton cannot carry U(1)R charge. Therefore if q is
the U(1)R charge of the supercharges Q, a state schematically of the form Qk|h+2〉 has
U(1)R charge kq. By CPT, the charges of the negative helicity multiplet must have the
opposite signs of those for the positive helicity multiplet. If q is non-zero, the graviphoton
must be charged under the U(1)R, but such a symmetry is not possible off-shell at the
level of the action. Hence, if present, the U(1)R must act in pure supergravity as a duality
symmetry.
N = 8 supergravity has a single CPT self-conjugate multiplet. The U(1)R charge
of the state |h−2〉 = Q8|h2〉 is 8q, and since the graviton must be uncharged it must be
that q = 0. Hence, N = 8 supergravity cannot have a U(1)R duality symmetry and its
maximal R-symmetry group is SU(8)R. As the graviphotons transform non-trivially under
– 39 –
SU(8)R, only an SO(8)R subgroup can be realized off-shell and the rest of the group acts
as a non-abelian duality symmetry.
Duality Symmetry in the Double-Copy. The S-matrix of N = 8 supergravity can be
obtained as the double-copy(N = 8 supergravity) = (N = 4 super Yang-Mills)⊗ (N = 4 super Yang-Mills) . (8.1)
In N = 4 super Yang-Mills, the vectors (gluons) are uncharged, so the SU(4)R is not an
electromagnetic duality symmetry, but a regular global symmetry realized off-shell. In the
double-copy (8.1), the LHS directly inherits the SU(4)R×SU(4)R R-symmetry under which
the graviphotons of the N = 8 supermultiplet are charged. The KLT relations enhance
SU(4)R × SU(4)R to the SU(8) R-symmetry of the N = 8 supergravity tree amplitudes.
The 70 scalars of N = 8 supergravity are Goldstone modes of the spontaneous breaking
of E7(7) to SU(8)R. There are no states in the N = 4 SYM spectrum that have vanishing
soft limits, and generically the individual terms in the KLT relations have O(1) soft limits.
However, in the KLT sum, a cancellation takes place to ensure the vanishing soft limits of
the Goldstone bosons. This is an example of a more general pattern: the double-copy of
two states with soft behavior σ1 and σ2 respectively results in a state with soft behavior
σ = σ1+σ2+1. This illustrates another type of symmetry enhancement in the double-copy.
Generic higher-derivative corrections to N = 8 supergravity need not respect the
SU(8)R. In tree-level string theory on T
6, the presence of the dilaton in the α′-corrections
breaks the SU(8)R to SU(4)R×SU(4)R, for example through operators such as α′3e−6φR4.
The SU(4)R×SU(4)R is a global symmetry of the tree-level closed string amplitudes with
exclusively massless external states; open string amplitudes with 4d massless N = 4 states
have SU(4)R symmetry and the closed string tree amplitudes inherit SU(4)R×SU(4)R via
KLT [45].9 Note that this group with its 30 generators is larger than the 28-dimensional
SO(8)R ⊂ SU(8)R that can be realized off-shell.
The existence of the SU(4)R × SU(4)R global symmetry in the 4d closed string tree
amplitudes has an interesting origin. The 4d α′-corrections explicitly break E7(7) to the
SO(6, 6) of the T 6. The spontaneous breaking of SO(6, 6) to SU(4)R × SU(4)R produces
36 Goldstone bosons and these are exactly the scalars that in the double-copy are arise
from the 6 × 6 SYM scalars in the 4d massless spectrum of the open string. For these 36
Goldstone scalars, the enhancement of the soft limits from O(1) to vanishing takes place
in KLT, but it does not happen for the dilaton and axion (obtained from the double-copy
of opposite helicity gluons) or the remaining 32 scalars (from the double-copy of opposite
helicity gluinos). This has been verified by explicit calculations [45].
The two types of double-copy symmetry enhancements discussed here are in direct
parallel with those studied in this paper for Born-Infeld theory. In the double-copy (1.5)
of N = 4 DBI from N = 4 SYM times χPT, the U(1)R electromagnetic duality symmetry
is emergent and so are the enhanced O(p2) and O(|p〉) soft limits of the DBI scalars
and Akulov-Volkov fermions respectively. That the double-copy provides these symmetry
9The global symmetry SU(4)R × SU(4)R is absent in the higher-genus superstring amplitudes (as ex-
pected in a theory of quantum gravity).
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enhancements may appear like magic but given that the low-energy theories in these cases
have these symmetries, it is also just a necessary condition for the double-copy to work
at all. With regard to higher-derivative corrections, we have seen that the double-copy
generically gives duality-violating operators, however, the particular operator needed to
restore duality invariance at 4-point 1-loop order in BI theory cannot be produced by the
double-copy.
There are other cases of emergent duality symmetries in the double-copy constructions.
In the double-copy (
gravity ⊕ dilaton ⊕ axion) = YM⊗YM (8.2)
the dilaton has an emergent Z2 dilaton parity, which has no analogue in Yang-Mills. From
one perspective this can be seen as an inherited property of the SU(8)R symmetry in the
truncation of N = 8 supergravity to gravity plus the dilaton-axion.
A quite interesting case is that of N = 4 supergravity:
(N = 4 supergravity) = (N = 4 SYM)⊗YM . (8.3)
The two real scalars of N = 4 supergravity should be thought of as a dilaton-axion pair.
They live in the SU(1, 1)/U(1)R coset and as such they are the two Goldstone bosons
of the breaking of SU(1, 1) to U(1)R. The U(1)R emerges as a classical electromagnetic
duality symmetry in the double-copy construction. At loop-level, the U(1)R was said to be
anomalous [46], however, it was recently shown that the U(1)R-violation can be removed
by finite local counterterms [5], thus actually restoring the U(1)R. This is very relevant
for the study of the UV structure of N = 4 supergravity. There is a clear parallel to the
possible removal to the BI and super-DBI electromagnetic duality violations at 1-loop level
studied in this paper.
Dimensional Oxidation in Supergravity. In Section 2 we proved that the 3d U(1)
symmetry of the 3d M2-brane theory oxidizes to electromagnetic U(1) symmetry of the 4d
D3-brane. It is interesting to consider the analogue of dimensional oxidation — or absence
thereof — in extended supergravity.
In this context the notion of dimensional oxidation has a longer history [47–49]. As
noted above, N = 8 supergravity in 4d has a sector of 70 scalars forming a sigma model
on the coset space E7(7)/SU(8)R, with the additional 58 bosonic degrees-of-freedom trans-
forming in linear representations of SU(8)R. When dimensionally reduced to d = 3, all
128 bosonic degrees-of-freedom become sigma model scalars parametrizing the coset space
E8(8)/SO(16) [47]. There have recently appeared constructions, based on light-cone super-
space, claiming that this enhanced symmetry oxidizes to d = 4 at the level of the action
[50]. Here we focus on a particular U(1) subgroup and its manifestation in the physical
S-matrix. The linearly realized SO(16) in d = 3 is rank 8, while the analogous linearly
realized SU(8) in d = 4 is rank 7. There must therefore be an additional, conserved,
additive charge generated by dimensional reduction. Indeed, this has been demonstrated
explicitly using the CHY construction of the tree-level S-matrix of maximal supergravity;
only amplitudes in the helicity conserving sector are non-vanishing when the external mo-
menta are restricted to a 3d subspace [51]. This would-be U(1) symmetry would enhance
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the SU(8) R-symmetry in d = 4 to U(8), analogously to the way the duality symmetry of
the D3-brane enhances the SU(4) to U(4). But this symmetry is clearly broken (helicity
non-conserving amplitudes in d = 4 are generically non-vanishing), so why do we have
oxidation in one case and not the other? In other words, why does the recursive argument
given in Section 2 fail for N = 8 supergravity?
Certainly the recursive part of the argument remains valid, n-point tree-level graviton
scattering amplitudes scale as z2−2n under a generic holomorphic all-line shift. The failure
is in the base case of the induction. The lowest multiplicity amplitudes in gravity are
3-point amplitudes of the form
AN=8 SUGRA3
(
1+2h 2
+2
h 3
−2
h
)
, (8.4)
which are non-zero despite being in the helicity non-conserving sector. Unlike the duality-
violating 4-point amplitudes (2.11), such an amplitude vanishes when all of the momenta
are restricted to a 3d subspace [52]. If the would-be U(1) symmetry (together with the
rest of the E8(8) symmetry) does indeed oxidize to d = 4 at the level of the action, then
its implications for the physical S-matrix must be more subtle than the strong form of
oxidation demonstrated for the D3-brane in Section 2.
Acknowledgements
We would like to thank Jacob Bourjaily, Dan Freedman, Simon Caron-Huot, Enrico Her-
rmann and Julio Parra-Martinez for useful discussions. This work was supported in part
by the US Department of Energy under Grant No. DE-SC0007859. CRTJ was supported
by a Leinweber Graduate Fellowship and a Rackham Predoctoral Fellowship from the Uni-
versity of Michigan. SP was supported by a Barbour Scholarship and Leinweber Summer
Award from the University of Michigan. The work of MH is supported by the Knut and
Alice Wallenberg Foundation under grant KAW 2018.0116.
A Momentum Shift for Recursion Relations
In this appendix we provide an explicit n ≥ 6 solution of the complex momentum shift
presented in Section 2.3. In the spinor-helicity formalism, the shift takes the form (2.17)
with n parameters ai subject to the momentum conservation constraint∑
i:hi≥0
ai|i][i|N +
∑
j:hj<0
ajN |j〉〈j| = 0. (A.1)
At first glance this is 4 independent constraints, but since it actually involves a projection
to a 3d subspace, momentum conservation in the Nµ direction is automatically satisfied.
We therefore have to solve for 3 of the ai in terms of the remaining n − 3. There are
many ways to do this and each gives different, perfectly valid, momentum shifts. In this
appendix, we present an explicit example of such a momentum shift.
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For every duality-violating amplitude with n ≥ 6 there must be at least 4 particles of
the same helicity.10 Without loss of generality we assume that the non-negative states have
momentum labels {12 · · · n+}, with n+ ≥ 4. We then project the above matrix equation
onto spinor bases spanned by [1| and [2| on the left and N¯ |3] and N¯ |4] on the right, where
N¯ = Nµσ¯µ. For this, we need the following identity
[a|NN¯ |b] = −[ab], (A.2)
which follows from the assumption that Nµ is a unit vector. The resulting system of
equations is then

0 [23][21] 0 [43][41]
0 [24][21] [34][31] 0
[13][12] 0 0 [43][42]
[14][12] 0 [34][32] 0


a1
a2
a3
a4

=

−
n+∑
i=5
ai[i3][i1] −
n∑
j=n++1
aj [3|N |j〉[1|N |j〉
−
n+∑
i=5
ai[i4][i1] −
n∑
j=n++1
aj [4|N |j〉[1|N |j〉
−
n+∑
i=5
ai[i3][i2] −
n∑
j=n++1
aj [3|N |j〉[2|N |j〉
−
n+∑
i=5
ai[i4][i2] −
n∑
j=n++1
aj [4|N |j〉[2|N |j〉

.
(A.3)
This equation cannot be solved for a1, ..., a4 since the matrix on the left-hand-side has
vanishing determinant. This is a consequence of the fact that only three of the momentum
conservation equations are linearly independent. So we can simply drop the last equation
and solve the simpler non-degenerate system

a1
a2
a3
 =

0 0 1[12][13]
1
[21][23] 0 0
[24]
[23][13][34]
1
[31][34] 0


−
n+∑
i=4
ai[i3][i1] −
n∑
j=n++1
aj[3|N |j〉[1|N |j〉
−
n+∑
i=4
ai[i4][i1] −
n∑
j=n++1
aj[4|N |j〉[1|N |j〉
−
n+∑
i=4
ai[i3][i2] −
n∑
j=n++1
aj[3|N |j〉[2|N |j〉

.
(A.4)
Since we want an all-line shift we choose a4, ..., an to be any non-zero values. Importantly,
the resulting shift (2.17) is a rational function of the spinor brackets and therefore it is
relatively simple to implement, both analytically and numerically.
B Loop Integrals in Dimensional Regularization
In this appendix, we present some useful 1-loop integrals in dimensional regularization.
B.1 Scalar n-gon in 4 + 2p − 2ǫ Dimensions
A well-known result is∫
d4+2n−2ǫl
(2π)4+2n−2ǫ
1
[l2 +∆]n
=
i
(4π)n+2−ǫ
Γ (−2 + ǫ)
(n− 1)! ∆
2−ǫ. (B.1)
10For amplitudes with n = 4, 5 and fewer than 4 particles of the same helicity the steps to solve for
a1, a2, a3 are the same, but produce slightly different rational expressions.
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Using this result with ǫ→ ǫ′ = ǫ+ n− p gives∫
d4+2p−2ǫl
(2π)4+2p−2ǫ
1
[l2 +∆]n
=
i
(4π)p+2−ǫ
Γ (−2 + ǫ+ n− p)
(n − 1)! ∆
p+2−n−ǫ. (B.2)
This result can also be obtained from Peskin & Schroeder (A.44), but the form (B.2) is
directly useful for us.
B.2 n-gon with p Powers of l2−2ǫ in 4− 2ǫ Dimensions
For an n-gon diagram with massive momenta Pi entering at each vertex, we now derive
the following result:
I(p)n ≡
∫
d4−2ǫl
(2π)4−2ǫ
(l2−2ǫ)
p∏n
i=1
(
l −∑2ij=1 Pj)2
=
i
(4π)2−ǫ
Γ(p− ǫ)Γ(n− 2− p+ ǫ)
Γ(−ǫ)
∫ 1
0
dx1 · · · dxnδ
(
n∑
i=1
xi − 1
)
∆p+2−n−ǫ ,
(B.3)
where
∆ =
n∑
i<j
xixj
(
j∑
k=i+1
Pk
)2
. (B.4)
The dimension-shifting formula [53] gives
I(p)n = (4π)
pΓ(p− ǫ)
Γ(−ǫ)
∫
d4+2p−2ǫl
(2π)4+2p−2ǫ
1∏n
i=1
(
l −∑2ij=1 Pj)2 . (B.5)
Introducing Feynman parameters this can be rewritten as
I(p)n = (4π)
pΓ(p− ǫ)
Γ(−ǫ) (n− 1)!
∫ 1
0
dx1 · · · dxnδ
(
n∑
i=1
xi − 1
)∫
d4+2p−2ǫl
(2π)4+2p−2ǫ
1
(l2 +∆)n
(B.6)
where the compact from of ∆ given in (B.4) was derived in Appendix C of [9]. We evaluate
the l-integral using (B.2) to get
I(p)n =
i
(4π)2−ǫ
Γ(p− ǫ)Γ(n − 2− p+ ǫ)
Γ(−ǫ)
∫ 1
0
dx1 · · · dxnδ
(
n∑
i=1
xi − 1
)
∆p+2−n−ǫ . (B.7)
This completes the derivation of (B.3).
When p = n− 2, the integral (B.3) is particularly simple and the Feynman parameter
integral can be carried out trivially:
I(n−2)n =
i
(4π)2−ǫ
Γ(n− 2− ǫ)Γ(ǫ)
Γ(−ǫ)
∫ 1
0
dx1 · · · dxnδ
(
n∑
i=1
xi − 1
)
∆−ǫ
ǫ→0−−→ − i
(4π)2
Γ(n− 2)
(n− 1)! +O(ǫ)
= − i
(4π)2
1
(n − 1)(n − 2) +O(ǫ),
(B.8)
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i.e.
I(n−2)n =
∫
d4−2ǫl
(2π)4−2ǫ
(l2−2ǫ)
n−2∏n
i=1
(
l −∑2ij=1 Pj)2 = −
i
(4π)2
1
(n− 1)(n − 2) +O(ǫ) . (B.9)
Another integral we repeatedly use in this paper is the bubble integral
I
(p)
2 (P
2) =
∫
d4−2ǫl
(2π)4−2ǫ
(l2−2ǫ)
p
(l − 12P )2(l + 12P )2
=
i
(4π)2−ǫ
Γ(p− ǫ)Γ(−p+ ǫ)
Γ(−ǫ)
∫
dx
(
P 2x(1− x))p−ǫ . (B.10)
In this simple case the Feynman integral can be evaluated exactly, giving
I
(p)
2 (P
2) =
i
(4π)2−ǫ
Γ(p− ǫ)Γ(−p+ ǫ)Γ2(1 + p− ǫ)
Γ(−ǫ)Γ(2 + 2p− 2ǫ) (P
2)p−ǫ. (B.11)
C Born-Infeld Amplitudes
In this appendix, we calculate the 1-loop amplitudes with 4 external photons of pure
Born-Infeld, using a combination of supersymmetric decomposition, traditional Feynman-
diagrammatic methods, and generalized unitarity.
C.1 Tree-Level Amplitudes in BI and DBI
We are primarily interested in amplitudes in pure BI theory, however, we exploit computa-
tional tricks that use the supersymmetric completion of BI theory to supersymmetric DBI.
The bosonic part of the N = 4 DBI action truncated to one complex scalar (i.e. N = 2
DBI) takes the form
SD3[Fµν , Z, Z¯ ] = −Λ4
∫
d4x
√
−det (ηµν + Λ−2Fµν + Λ−4∂(µZ∂ν)Z¯). (C.1)
The 4-scalar scattering processes are related by supersymmetry Ward identities
A4
(
1Z 2Z 3Z¯ 4Z¯
)
=
〈12〉2
〈23〉2A4
(
1+γ 2Z 3
−
γ 4Z¯
)
=
〈12〉2
〈34〉2A4
(
1+γ 2
+
γ 3
−
γ 4
−
γ
)
, (C.2)
to the 4-photon amplitude
A4
(
1+γ 2
+
γ 3
−
γ 4
−
γ
)
= [12]2〈34〉2 . (C.3)
All other 4-particle amplitudes vanish at leading order (tree-level), including those that
violate the conservation of the duality charge (1.1):
A4
(
1+γ 2
+
γ 3
+
γ 4
+
γ
)
= A4
(
1−γ 2
+
γ 3
+
γ 4
+
γ
)
= A4
(
1+γ 2Z 3
+
γ 4Z¯
)
= 0 . (C.4)
More generally, an n-particle process vanishes unless it involves an equal number of positive
and negative helicity photons (1.1).
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C.2 Feynman Rules
The vertex function of supersymmetric DBI with 2 external photons and 2 scalars is given
by
V µν(p1, p2,p3, p4)
= −2i[− pν3pµ4 (p1 · p2)− pµ3pν4(p1 · p2) + pµ2pν4(p1 · p3) + pµ2pν3(p1 · p4) + pν1pµ4 (p2 · p3)
+ pν1p
µ
3 (p2 · p4)− (p1 · p4)(p2 · p3)gµν − (p1 · p3)(p2 · p4)gµν
]
−2i[− pν1pµ2 (p3 · p4) + (p1 · p2)(p3 · p4)gµν] .
(C.5)
Notice that the 2 expressions in square brackets are individually gauge invariant and corre-
spond to the 2 independent (up to integration by parts and application of the equations of
motion) Lagrangian operators with the desired mass dimension and external states. The
polarization vectors in spinor-helicity variables are
ǫµi+ = −
〈qi|σ¯µ|i]√
2〈qii〉
and ǫµi− = −
〈i|σ¯µ|qi]√
2[iqi]
, (C.6)
where qi are arbitrary reference spinors.
C.3 Duality-Violating 1-loop 4-Point Amplitudes
For the computation of 1-loop 4-point amplitudes in the following, we are going to use a
combination of on-shell techniques and Feynman rules. The 4-vector Feynman rule (C.5) is
rather involved, but we can use a trick to calculate the duality-violating 1-loop amplitudes
using the (vector)2-(scalar)2 vertex instead. The reason is that in any supersymmetrization
of BI theory, the + + ++ and + + +− amplitudes (C.4) must vanish at any loop-order.
Thus, in N = 1 BI theory, the contributions from the vector in the loop must cancel against
the contribution from the fermion, i.e.
N = 1 : AV4 (+ + +±) +AF4 (+ + +±) = 0 . (C.7)
Similarly, in N = 2 BI theory we have
N = 2 : AV4 (+ + +±) + 2AF4 (+ + +±) +AS4(+ + +±) = 0. (C.8)
Here the superscripts indicate contributions from a vector (V), Weyl fermion (F), or com-
plex scalar (S) running in the loop. It follows that the pure BI result must equal the result
from only scalars running in the loop:
AV4 (+ + +±) = −AF4 (+ + +±) = AS4(+ + +±) . (C.9)
We exploit this in the following two subsections.
Due to the form of the interaction, ∂Z∂Z¯FF , the general (vector)2-(scalar)2 vertex
rule is proportional to two powers of the scalar-momenta, which we denote l1 and l2 in
anticipation of the loop-calculations below. The general Feynman rule is given in Appendix
C.2 and is gauge-invariant.
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For later convenience, we write the vertex rules with on-shell photons and off-shell
scalars compactly, using the spinor-helicity formalism, as
V (1γ , 2γ , l1Z , l2Z¯) = Vµν(1γ , 2γ) l
µ
1 l
ν
2 , (C.10)
where
Vµν(1
+
γ , 2
+
γ ) = −i[12]2ηµν −
1
2
i
[12]
〈12〉 Tr(p1σ¯µp2σ¯ν + p1σ¯νp2σ¯µ) + 2i
[12]
〈12〉 (p1µp2ν + p1νp2µ)
Vµν(1
+
γ , 2
−
γ ) = i〈2|σ¯µ|1]〈2|σ¯ν |1].
(C.11)
Since there are no 3-point interactions in BI theory, only bubble diagrams contribute to the
1-loop 4-point amplitudes. We use the following convenient parametrization of the loop
momenta
p1
p2
p3
p4
l1 = l − 12K
l2 = −l − 12K
(C.12)
whereKµ = pµ1+p
µ
2 and similarly for other permutations of the external lines. The diagram
in (C.12) is given by the integral
IS4 =
∫
ddl
(2π)d
V
(
1γ , 2γ , l1, l2
)
V
(
3γ , 4γ ,−l1,−l2
)(
l + 12K
)2(
l − 12K
)2
= Vµν(1γ , 2γ)Vρσ(3γ , 4γ)
∫
ddl
(2π)d
lµ1 l
ν
2 l
ρ
1l
σ
2(
l + 12K
)2(
l − 12K
)2 ,
(C.13)
where the superscript S is used to denote that this integral corresponds to the s-channel
contribution. Since l1 = l − 12K and l2 = −l − 12K, it is very useful to observe that
• integrals with odd powers of loop momentum l vanish, and
• the photon-scalar vertices (C.11) have the property that
Kµ Vµν(1γ , 2γ) = K
ν Vµν(1γ , 2γ) = 0 for K
µ = pµ1 + p
µ
2 , (C.14)
and similarly for the 34-vertex since Kµ = pµ1 + p
µ
2 = −pµ3 − pµ4 .
This means that in the integral numerator we can replace lµ1 l
ν
2 l
ρ
1l
σ
2 by l
µlν lρlσ.
In Appendix D we use the Passarino-Veltman integral-reduction method to compute
the two tensor integrals that we need in this paper, namely∫
ddl
(2π)d
lµlν(
l + 12K
)2(
l − 12K
)2 = − 14(d− 1) [K2ηµν −KµKν] I2(K2) , (C.15)
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and ∫
ddl
(2π)d
lµlν lρlσ(
l + 12K
)2(
l − 12K
)2 (C.16)
=
1
16(d2 − 1)
[
(K2)2η(µνηρσ) −K2K(µKνηρσ) + 3KµKνKρKσ
]
I2(K
2) .
Here I2 is the scalar-bubble integral defined as
I2(K
2) ≡
∫
ddl
(2π)d
1(
l + 12K
)2(
l − 12K
)2 = i16π2
[
1
ǫ
− log(K2)
]
+O(1) . (C.17)
The property (C.14) therefore implies the very simple result of the scalar-loop integral:
IS4 =
(K2)2
16(d2 − 1)Vµν(1γ , 2γ)Vρσ(3γ , 4γ) η
(µνηρσ) I2(K
2)
=
s2
240
(
Vµ
µ(1γ , 2γ)Vν
ν(3γ , 4γ) + 2Vµν(1γ , 2γ)V
µν(3γ , 4γ)
)
I2(s) ,
(C.18)
where we have also used the symmetry of Vµν under the exhange µ↔ ν. Now it is a simple
task to compute the desired duality-violating 1-loop amplitudes.
• For the next-to-self-dual case, we have Vνν(3+γ , 4−γ ) = 0, by the identity 〈i|σ¯µ|j]〈k|σ¯µ|l] =
2〈ik〉 [jl]. It is also easy to show that the second term in (C.18) vanishes since
Vµν(1
+
γ , 2
+
γ )V
µν(3+γ , 4
−
γ )
= − [12]2 〈4|σ¯µ|3]〈4|σ¯µ|3]− [12]〈12〉 〈1|σ¯
µ|2]〈2|σ¯ν |1]〈4|σ¯µ|3]〈4|σ¯ν |3] + 4 [12]〈12〉 〈4|p1|3]〈4|p2|3]
= 0 .
(C.19)
Hence the entire s-channel diagram vanishes: IS4 (+ + +−) = 0. Since the t- and
u-channel diagrams are simply permutations of the +-lines, we conclude that
A1-loop BI4
(
1+γ 2
+
γ 3
+
γ 4
−
γ
)
= 0 . (C.20)
• For the self-dual case, let us define
Qµνρσ ≡ Vµν(1+γ , 2+γ )Vρσ(3+γ , 4+γ ) . (C.21)
The external momenta and polarizations live in 4d, while the metric ηµν arises from
the loop-reduction and is therefore in d = 4 − 2ǫ dimensions, so ηµνηµν = 4 − 2ǫ. Using
(C.11), we find
Q µµ
ν
ν = [12]
2 [34]2
[
4− ηµνηµν
]2
= 4[12]2[34]2 ǫ2 , (C.22)
and
Qµν
µν = Qµν
νµ = −2ǫ [12]2[34]2 . (C.23)
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Using the results (C.22) and (C.23), we arrive at
Q µµ
ν
ν +Qµν
µν +Qµν
νµ = 4[12]2[34]2
[
− ǫ+ ǫ2
]
. (C.24)
Note that there are no O(1) terms in (C.24); this means that in the amplitude (C.18) the
1/ǫ divergent terms and finite logarithms from (C.17) vanish for the diagram, as expected.
We are left with finite rational terms generated from ǫ/ǫ anomalies. The s-diagram (C.18)
simply evaluates to
IS4 =
s2
240
× 4[12]2[34]2
[
− ǫ+ ǫ2
]
× I2(s) (C.25)
= − i
960π2
[12]2[34]2s2 +O(ǫ) . (C.26)
Summing over the three diagrams gives the full amplitude
A1-loop BI4
(
1+γ 2
+
γ 3
+
γ 4
+
γ
)
= − i
960π2
(
[12]2[34]2s2 + [13]2[24]2t2 + [14]2[23]2u2
)
. (C.27)
Note that we automatically have a more general result too: using (C.9) we can conclude
that in a generalized BI theory with Nv vectors, Nf Weyl fermions, and Ns complex scalars,
we have
A1-loop gen BI4
(
1+γ 2
+
γ 3
+
γ 4
+
γ
)
=
−i
960π2
(Nv −Nf +Ns)
×
(
[12]2[34]2s2 + [13]2[24]2t2 + [14]2[23]2u2
)
.
A1-loop gen BI4
(
1+γ 2
+
γ 3
+
γ 4
−
γ
)
= 0 .
(C.28)
Note that the self-dual amplitude vanishes when (Nv−Nf +Ns) vanishes, as expected, for
N = 1, 2, 4 supersymmetry.
If we carry out the same calculation with external helicities ++−−, we would compute
the contribution of a complex scalar in the loop of a 1-loop MHV amplitude. But that does
not help us compute the 1-loop MHV amplitude in pure BI theory, since the supersymmetry
trick we used to calculate the duality-violating amplitudes does not apply. Instead, we use
the fact that the MHV amplitude is cut-constructible and compute it using unitarity.
C.4 1-loop MHV Amplitude without Supersymmetry
We compute the divergent part of the BI 1-loop MHV amplitude using unitarity. As a
check, we also compute the MHV amplitude in a theory with Nv vectors, Nf fermions,
and Ns complex scalars. The loop-integrand is ambiguous by additive terms that integrate
to zero. We construct a representative of the loop-integrand that factorizes correctly on
all cuts. We then use integral-reduction to relate the result to the scalar-bubble integral.
For the 1-loop amplitude A1-loop BI4 (1+γ , 2+γ , 3−γ , 4−γ ) in pure BI theory, there are two distinct
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cuts to consider:
p1
p2
p3
p4
l1 = l − 12K
l2 = −l− 12K
+
+
−
−
p1
p3
p2
p4
l′1 = l − 12K ′
l′2 = −l − 12K ′
+
−
+
−
(C.29)
In the first diagram K = p1 + p2 and in the second K
′ = p1 + p3. In addition, one needs
the 3↔ 4 permutation of the second diagram. The cut-constructible part of the amplitude
is then the sum of the s-, t-, and u-channel cuts Cs, Ct, and Cu. Note that each diagram
comes with a symmetry factor of 1/2.
The cut puts the internal lines l1 and l2 on-shell and each diagram factorizes into a
product of tree-amplitudes for each possible on-shell state that can appear in the loop. For
the s-channel diagram we have
Cs = Atree4
(
1+γ 2
+
γ l1
−
γ l2
−
γ
)Atree4 (− l1+γ − l2+γ 3−γ 4−γ )
= [12]2〈l1l2〉2[l1l2]2〈34〉2
= [12]2〈34〉2s2,
(C.30)
where we used that11 〈l1l2〉2[l1l2]2 =
(
(l1 + l2)
2
)2
= (K2)2 = s2. Thus the contribution
from the s-channel diagram is (including the symmetry factor of 1/2)
Is =
1
2
∫
ddl
(2π)d
Cs(
l + 12K
)2(
l − 12K
)2 = 12[12]2〈34〉2s2 I2(s), (C.31)
where I2(s) is the scalar bubble integral (C.17). The t-channel cut is a little more involved.
Here we have
Ct = 2Atree4
(
1+γ 3
−
γ l
′
1
+
γ l
′
2
−
γ
)Atree4 (− l′1−γ − l′2+γ 2+γ 4−γ )
= 2[1l′1]
2〈3l′2〉2[2l′2]2〈l′14〉2
= 2〈4|σ¯µ|1]〈4|σ¯ν |1]〈3|σ¯ρ|2]〈3|σ¯σ |2] l′1µl′1ν l′2ρl′2σ.
(C.32)
The factor of 2 takes into account that one also has to include the opposite helicity assign-
ments for the internal lines. Odd powers of the loop-momentum l vanish in the integral
It =
1
2
∫
ddl
(2π)d
Ct(
l + 12K
′
)2(
l − 12K ′
)2 . (C.33)
Again, we have included a symmetry factor of 1/2. Using l′1 = l+
1
2K
′ and l′2 = −l+ 12K ′,
the integral can be simplified to the scalar bubble integral (C.17) with the help of the
11Note the ambiguity in this rewriting: we could also have written 〈l1l2〉
2[l1l2]
2 =
(
(l1− l2)
2
)2
= 16(l2)2.
The resulting two forms of the integrand differ by terms that integrate to zero.
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tensor integrals (C.15) and (C.16). After some manipulations of the resulting expressions,
one arrives at the simple result
It =
1
5
[12]2〈34〉2t2 I2(t) . (C.34)
The result of the u-channel diagram is obtained by taking 3↔ 4 of It. We can now write
the divergent part of the 1-loop MHV 4-point amplitude in pure BI theory as
A1-loop BI4 (1+γ 2+γ 3−γ 4−γ ) = [12]2〈34〉2
[1
2
s2I2(s) +
1
5
t2I2(t) +
1
5
u2I2(u)
]
. (C.35)
Thus the divergent part is simply
A1-loop BI4 (1+γ 2+γ 3−γ 4−γ ) =
1
ǫ
i
16π2
[12]2〈34〉2
[1
2
s2 +
1
5
t2 +
1
5
u2
]
+O(1) , (C.36)
where the O(1)-terms are regulator dependent. We have also calculated this amplitude
using unitarity and the results agree.
C.5 1-loop MHV Amplitude with Supersymmetry
We now perform a check on our calculation by computing the MHV amplitude in a theory
with fermions and scalars coupled to the vector supersymmetrically, i.e. such that the
supersymmetry Ward identities hold:
A4
(
1+γ 2Z 3
−
γ 4Z
)
=
〈23〉
〈34〉A4
(
1+γ 2
+
ψ 3
−
γ 4
−
ψ
)
=
〈23〉2
〈34〉2A4
(
1+γ 2
+
γ 3
−
γ 4
−
γ
)
. (C.37)
Amplitudes with two same-helicity vectors and two scalars or two fermions vanish; this
means that there are no s-channel cuts when a fermion or scalar runs in the loop. The
calculation of the t and u-channel cuts proceed as for the vector. With Nv vectors, Nf
Weyl fermions, and Ns complex scalars, the result for the divergent part of the MHV 1-loop
amplitude is then
A1-loop gen4 (1+γ 2+γ 3−γ 4−γ )
= [12]2〈34〉2
[
Nv
2
s2I2(s) +
(Nv
5
+
Nf
20
+
Ns
30
)(
t2I2(t) + u
2I2(u)
)]
=
1
ǫ
i
16π2
[12]2〈34〉2
[
Nv
2
s2 +
(Nv
5
+
Nf
20
+
Ns
30
)(
t2 + u2
)]
+O(1) .
(C.38)
As an independent check, we also calculated this amplitude using unitarity. It is also
reproduced by the expression for the bubble coefficient given in [54] that connects the
behavior of the tree amplitudes under BCFW shifts to the UV divergences at 1-loop.
With N = 4 supersymmetry, i.e. in N = 4 DBI, we have Nv = 1, Nf = 4, and
Ns = 3, which gives
A1-loop N = 44 (1+γ 2+γ 3−γ 4−γ ) = [12]2〈34〉2
1
2
[
s2I2(s) + t
2I2(t) + u
2I2(u)
]
=
1
ǫ
i
32π2
[12]2〈34〉2
[
s2 + t2 + u2
]
+O(1) .
(C.39)
This result for the 1-loop amplitude in N = 4 DBI reproduces that found in [33].
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D Passarino-Veltman Integral Reduction
We use the Passarino-Veltman integral reduction method to evaluate the 1-loop integrals
in section C. We outline the method here and use it to reduce the needed tensor integrals
to scalar-bubble integrals.
The loop-integrands encountered in section C are all of the form
I = N [l; pi; ǫi](
l − 12K
)2(
l + 12K
)2 , (D.1)
where l is the loop-momentum, ǫi are polarization vectors, pi are on-shell external momenta,
and K is a sum of external momenta.
The numerator N [l; pi; ǫi] is ambiguous by terms that integrate to zero: there are two
types
Property 1. Any term with odd powers of the loop-momentum vanishes.
Property 2. Any term proportional to
(
l − 12K
)2
or
(
l + 12K
)2
vanishes. The reason is
that an integral with such a factor can be put in the form of scaleless integrals∫
ddl
(2π)4
1
l2
,
∫
ddl
(2π)4
lµlν
l2
,
∫
ddl
(2π)4
(1), ... (D.2)
that are zero in dimensional regularization.
We now use these two properties to derive the integrals (C.15) and (C.16) we need for the
computations in section C:
• Integral 1 ∫
ddl
(2π)d
(K · l)lµ1 · · · lµn(
l + 12K
)2(
l − 12K
)2 = 0 . (D.3)
Proof: if n is even, the integral vanishes by Property 1 above. If n is odd, write
(K · l) = (l + 12K)2 − l2 − 14K2. Then the first term makes the integral vanish by
Property 2, while the last two terms integrate to zero by Property 1.
• Integral 2 ∫
ddl
(2π)d
l2(
l + 12K
)2(
l − 12K
)2 = −14K2 I2(K2) . (D.4)
Proof: write l2 =
(
l+ 12K
)2− (K · l)− 14K2. The first two term integrate to zero. So
we are left with −14K2 times the scalar bubble-integral I2(K2).
• Integral 3 (the integral in (C.15))∫
ddl
(2π)d
lµlν(
l + 12K
)2(
l − 12K
)2 = − 14(d− 1) [K2ηµν −KµKν] I2(K2) . (D.5)
Proof: there are only two possible tensor structures for the integral, so we can write
an ansatz as A1η
µνK2 + A2K
µKν, where A1 and A2 are constant numbers. Dot
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in Kµ and use Integral 1 (D.3) to conclude that A1 + A2 = 0. Then contract with
ηµν and use Integral 2 (D.4) to show that A1d + A2 = −14I2(K2). Solving for the
unknown constants gives A1 = −A2 = − 14(d−1)I2(K2) and the result (D.5) follows.
• Integral 4 ∫
ddl
(2π)d
(l2)2(
l + 12K
)2(
l − 12K
)2 = 116(K2)2 I2(K2) . (D.6)
Proof: rewrite (l2)2 =
((
l+ 12K
)2− (K · l)− 14K2)l2. The first two term integrates to
zero by Properties 1 and 2, so this leaves −14K2 times Integral 2. Then (D.6) simply
follows from (D.4).
• Integral 5 (the integral in (C.16))∫
ddl
(2π)d
lµlν lρlσ(
l + 12K
)2(
l − 12K
)2 (D.7)
=
1
16(d2 − 1)
[
(K2)2η(µνηρσ) −K2K(µKνηρσ) + 3KµKνKρKσ
]
I2(K
2) ,
where we have normalized the symmetrizations such that
η(µνηρσ) = ηµνηρσ + ηµρηνσ + ηµσηνρ, (D.8)
and K(µKνηρσ) = KµKνηρσ + 5 nontrivial perms.
Proof: the tensor structure allows only three possible terms, so we write an ansatz
B1 (K
2)2η(µνηρσ) +B2K
2K(µKνηρσ) +B3K
µKνKρKσ, (D.9)
for the value of (D.6). We know from Integral 1 that the integral must vanish when-
ever K is dotted in, so from dotting in KµKνKρKσ and K
µKνηρσ we learn that
3B1 + 6B2 +B3 = 0 and (d+ 2)B1 + (d+ 5)B2 +B3 = 0 . (D.10)
Finally we contract with ηµνηρσ and use Integral 4 to conclude that
d(d+ 2)B1 + 2(d + 2)B2 +B3 =
1
16
I2(K
2) . (D.11)
Solving for the coefficients B1, B2, and B3 gives (D.7).
E Higher-Derivative Corrections of Yang-Mills
In this appendix, we calculate possible higher-derivative corrections to the 4-point ampli-
tudes of YM that are used in Section 7.2 to calculate corrections to 4-point BI amplitudes
using the KLT double-copy.
We construct BCJ-compatible ansatze for three helicity configurations that have the
following properties:
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• Relabeling: Different color-orderings with the same helicity structure have to be
related by momentum relabelling.
• Locality: The amplitude has at most simple poles at s, t, u = 0. Compatibility with
BCJ relations (7.6) and locality dictate that AYM4 [1234] cannot have a pole at t = 0.
• Unitarity: 4-point amplitudes factorize on simple poles into products of 3-point
amplitudes. Since 3-point amplitudes of massless particles are fixed by little group
scaling, residues on the s- and u-channel poles are constrained by the spins of particles
in our spectrum. Since no fermions can be exchanged and gravitons cannot carry a
color-charge, any particles exchanged must have spin 0 and spin 1.
E.1 The ++++ Amplitude
We begin with the 4-point self-dual YM amplitude. While it is well known that at leading
order the self-dual YM amplitude is vanishing, there can exist non-zero higher-derivative
terms, which we evaluate in this section.
Since all external states have the same helicity, all color orderings of the self-dual
amplitude are related by momentum relabeling. With this in mind we write the following
BCJ and locality-compatible ansatz,
AYM4 [1+2+3+4+] =
1
su
(
c˜0
(
[12]2[34]2 + [13]2[24]2 + [14]2[23]2
)
+
c˜2
Λ2
(
[12]2[34]2s+ [13]2[24]2t+ [14]2[23]2u
)
+
c˜4
Λ4
(
s2 + t2 + u2
) (
[12]2[34]2 + [13]2[24]2 + [14]2[23]2
)
+
c˜6
Λ6
stu
(
[12]2[34]2 + [13]2[24]2 + [14]2[23]2
)
+O(Λ−8)
)
. (E.1)
One can show that c˜0 produces a non-zero residue that does not correspond to a
particle exchange and c˜4 corresponds to a higher spin exchange, so they must both be zero
by unitarity. Thus we finally conclude that the 4-point YM amplitude takes the form
AYM4 [1+2+3+4+] =
c˜2
Λ2
[12]2[34]2s+ [13]2[24]2t+ [14]2[23]2u
su
+
c˜6
Λ6
t
(
[12]2[34]2 + [13]2[24]2 + [14]2[23]2
)
+O(Λ−8) . (E.2)
The O(Λ−2) contribution of this amplitude was also calculated in [40] and our result is in
perfect agreement. To our knowledge, the O(Λ−6) contribution is new.
E.2 The +++− Amplitude
We now move on to the next-to-self-dual amplitude. We know this to be vanishing at
leading order and here we calculate sub-leading higher-derivative corrections.
Since not all external particles have the same helicity, different color orderings can be
related using cyclicity, in addition to simple relabeling. For example,
AYM4 [1+2+4−3+] = AYM4 [3+1+2+4−] = AYM4 [1+2+3+4−]
∣∣
1→3→2→1
. (E.3)
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Compatibility with the BCJ relations and locality fixes our ansatz to be,
AYM4 [1+2+3+4−] =
1
Λ2
[12]2[3|p1|4〉2
su
(
b˜0 +
b˜4
Λ4
(
s2 + t2 + u2
)
+
b˜6
Λ6
stu+O(Λ−8)
)
.
(E.4)
The b˜4 corresponds to the exchange of a spin-3 particle and is thus excluded by unitarity.
This leaves us with
AYM4 [1+2+3+4−] =
1
Λ2
[12]2[3|p1|4〉2
su
(
b˜0 +
b˜6
Λ6
stu+O(Λ−8)
)
. (E.5)
It is interesting to note that the first term factorizes into a 3-point YM amplitude and
a 3-point amplitude consistent with an F 3-type interaction. As in the self-dual case, we
check the leading contribution to our result against the results of [40] and we find perfect
agreement.
E.3 The ++−− Amplitude
Finally, let us examine the MHV 4-point amplitude. Using momentum relabeling and
cyclicity, we can rewrite the BCJ relations as
u
t
AYM4 [1+2+3−4−] = AYM4 [2+1+3−4−] = AYM4 [1+2+3−4−]
∣∣∣
1↔2
and
u
t
AYM4 [1+2+3−4−] = AYM4 [1+2+4−3−] = AYM4 [1+2+3−4−]
∣∣∣
3↔4
.
(E.6)
With the above constraints, a local ansatz for the amplitude is
AYM4 [1+2+3−4−]
=
[12]2〈34〉2
su
(
a˜0 +
a˜21
Λ2
s+
(
a˜41
Λ4
s2 − a˜42
Λ4
tu
)
+
(
a˜61
Λ6
s3 − a˜62
Λ6
stu
)
+O(Λ−8)
)
. (E.7)
a˜21, a˜41 and a˜61 correspond to exchanges of spin-2, spin-3 and spin-4 particles respectively
and are hence all set to zero by unitarity. If we continue at higher orders in the deriva-
tive expansion, we see that this pattern continues. We either find local contributions to
the amplitude or pole-terms with residues that correspond to the exchange of higher-spin
particles.
To summarize, the YM 4-point amplitude with higher-derivative corrections has the
form
AYM4 [1+2+3−4−] =
[12]2〈34〉2
su
(
a˜0 +
a˜4
Λ4
tu+
a˜6
Λ6
stu+O(Λ−8)
)
. (E.8)
In the above, the leading term matches the well-known Parke-Taylor formula for Yang-Mills
if we choose a˜0 = −g2YM. Also note that we have redefined a˜42 = −a˜4 and a˜62 = −a˜6 to
simplify the notation.
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